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ABSTRACT 


Microeconomic literature has shown an increasing rés in 
problems with asymmetric information. Agfgeneral consensus from this 
section of the literature is that the introduction of an asymmetry in 
information.affects the distribution of wealth between ‘the different 
agents i well as the overall efficiency of the system. It is also 
generally thought that a mechanism designer can do better than to 
average over the information set or, alternativ@®y, that communication 
has a positive value. The present research shows that these 
conclusions are very sensitive to changes in the assumptions of the 


models. The first essay analyzes a principal-agent model with moral 


hazard and adverse selection. It is shown that for a large class of. 


3 


` envirenments communication has no value and that the principal cannot 


do better than to average over the different types of agents. In the 


second essay a principal-agent model with adverse selection is 
considered. Furthermore, it is assumed that both parties can observe 
ex-post a random variable correlated to the type of the agent. It is 
shown that in this case the principal can support the first best 
solution and that in expected value the distribution of wealth is not 
affected by the asymmetry of information. In the last essay a 
heterogeneous oligopoly model with imperfect monitoring is examined. 


The producers are assumed to only know their own production and the 


prices are taken to depend stochastically on output. Again, it ‘is 
shown that despite this asymmetry in information the oligopolists can 


sustain the cooperative quantities for a large class of environments. 
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INTRODUCTION 


Microeconomic analysis is largely concerned with the behavioral 
study af individual decision makers. One of the basic difficulties 
faced by decision makers, independent of the economic system ‘in which 


they exist, is the decentralization of information. This fundamental 
problem had iene been ignored. Some of the most basic results in 
microeconomics, such as the two eorems of welfare economics, have 
been derived under the der of a symmetric information 
structure. 
Over the last two decades economists have started to thoroughly 
; n 
investigate the consequences of asymmetric information structures. 
When a decision maker does not observe some of the relevant data, 
known by other agents in the economy, he will attempt to collect some 
of this information. This leads to'a problem of strategic behavior. An 


agent-"who holds a relevant piece of information will attempt to 


influence the decision process with it to his own advantage. Since the 


* 
a 


Gert ston maker is also aware of the situation, he too will behave 
l strategically. 

A method which has been widely used, is to assume that the 
decision maker designs a mechanism or a contract which will maximize 
his objective function subject to certain informational and 
feasibility contralto. Two examples are the theory of agency (see 
_ the review article by MacDonald (209) and the theory of auctíons (see 
the review article by McAfee and McMillan (23}). 


A general consensus from this section of the literature is that 


the -introduction of an asymmetry in information affects the 
distribution of wealth between the different agents de ell as the 
overall efficiency of the system. A well known example of this result 
can be found in the theory of auctions. When the value of an object 
being auctioned is the private information of the Bienes: it can be 
shown under fairly general conditions that the optimal de is not 
efficient and that the auctioneer almost never extracts the entire 
rent (see McAfee and ibiza [23]). A similar result holds in the 
4 LS ae 
theory of agency (see Laffont and Tirole [18], Maskin and Riley {21] 
and Baron and Myerson [4)). It is also ggnerally thought that ‘a 
DEN En designer can do better than to average over the information 
set or, alternatively, tha communication between the different agents. 


has a positive value. = 


The purpose of the present research is to show that these 


. 
b 


conclusions aré very sensitive Æo changes in the «assumptions of the | 
models. In the first chapter we consider a principal-ageñt model with 
moral hazard and adverse selection. We show baat for a large class of 
environments communication has no value and that the principal canne 
do better than to avérage rr different types of agents. In the 
second chapter ve consider another principal-agent model - this ‘eine 
only with adverse selection. We also assume that both parties can 
observe a signal correlated to the type of the agent. We show that for 
a number of models the principal will be able to support the first 
best solution and that in expected value the distribution of wealth 


will not be affected by the asymmetry of information. In the last 
i | : 


» | 


“chapter, we examine a heterogeneous oljgopoly model with imperfect 
monitoring. We assume that the different producers see only their own Y 


production and that prices are stochastic. Again, we show that despite 


this. asymmetry in information the oligopolists can sustain the 


. 


` cooperative solution for a large class of environments. 


- 


1.1 INTRODUCTION ps ; ` 


Over the last decade microeconomic literature has shown an 
increasing interest in principal arent relationships. These are 
relationships os which a firm or a épices agency called the- 
principal is a Stackelberg leader in a two person ne That is, the 

.principal is assumed to be able to move first is to bacon himself 
to a decision rule usually referred to as a mechanism. The agent is 
normally either a worker or else a firm who deals with the principal 
and whose utility depends, at least in part, on the mechanism, The 
objective of the principal is to choose a mechanism which will 
maximize his objective function subject to certain informational and 


feasMility constraints. ` 


“a, . 
A principal-agent relationship can be influenced by different 

. = , 
problems: moral hazard, adverse selection and risk-shafing. Moral 


-> 


hazard arises when the action taken by the agent is not observable by 
the principal, and when the principal and the agent value the action 
digferently. Adverse selection arises when the type of the agent fs 
private information, i.e. known only to himself. Finally risk-sharing 
Pp occur when either the principal or the agent jís not risk- 
“neutral, in which case it ís to the mutual advantage of both parties 


` to share in the burden of risk. | 


number of ‘authors, because it requires a strong precommitment 


à 
- ay Ny - * 


In chis chapter we épnsider a principal-agent model with adverse 


selection and korel harara; A numbèr òf recent papers have examined a 


similar environgent, for exámple Christensen [5], Laffont and Tixple 


v 
[19], McAfee and McMillan [24], Melumad and Reichelstein [28], Riordan 
and Sappington [34] and Sappington [35]. »A general conclusion of these 
papers is that the principal should offer the agent a menu of 


contracts. The agent chooses the contract which maximizes her 


a R ` 
expected utility given her type. Laffont and Tirole [19] and McAfee 
and McMillan [24] show that for a large class of environments the menu 
contracts can be linear in output. 


The main result of the present chapter is that for many 


environments, =A possible to dispense of a menu of contracts 

because we can find an optimal mechenee® which dz not depend on the 
@ 

_ report- maces by the agent boue her type.. The mechanism becomes 


“relatively simple and depends only on the, outcome, of the production 


f 


a 
‘process. "For these environments, communication can be-safd to have no 


value”. ' 2k 


The present analyste should be interesting for several differen ` 


, 


reasons. Frist, _ the sterdacd solution concept of io agent 


problems with private information” has recently. been eriticized by a 


capability on the part of the principal. Indeed, the usual approach 


demands that after the agent reports her type, the principal requires 


her to behave according to a pre-agreed rule given by the mechanism. 


A 


However, at this stage, it usually would be to the advantage of .both 


a 


& 


~ 


parties to renegotiate their initial agreement The reason for this is 


that after communication, the knowledge of the principal is” 


es ey 
significantly altered.™ In other words, optimal mechanisms in 


` - 
environments with private information are usually not renegotiation- 
` ` 


proof lseg Hart and Moore [14]) 


For the environments nee in this chapter, the problem can 


be. avoided. because the ont can use a mechanism without 


reporting, in which case his knowledge is never saltered, and 


renegotiation never becomes an issue. 


- Second, there are a number of economic problems which seem to 


exhibit adverse selection and moral hazard but where ve do not observe 
. 


communication. A prime example is the tax system of an economy. From 
the: earlier literature, we. would expect the finance -departement to 


offer 4 menu of taxes, which reflects the ability and willingness ‘to 


. work of the different agents in the economy. This conclusion clearly 


contradicts what we observe in reality. The results of this chapter 


provide an explanation fòr this ‘apparent anomaly. 


`~ 


The ` same results can be used to, address a further criticism mane. 


about the principal- agent Mead In a recent article Arrow (3) 


a 


né. ‘that the mechanisms, prescribed by the theory are far more 

complex than those actually observed.. In contrast, the optimal. 
Pte + t 

mechanism which we derive is simple; there is no communication and the 


optimal sharing rule depends only- én’ output. The papérs by Holmstrom 


and Peron 116) and McAfee and McMillan [24] provide some altérnative 


explanations. 


wor 


` 


~ 


Though the result is, only derived for an environment with moral 


hazard and adverse selection, we can argue that it also extends to 


> 


,environments in which it is costly to control the agent's action. (In 
_fact we would always expect it to be’ costly for the principal to 
tontra} tfe agent's action, first, because it ris time consuming to 


observe the agent's action, and second, because it requires the 
installment of «e ee mechanism.) A principal might then 
prefer to fortede the potentially observable but costly information 
and use + best contract available when the agent's ‘action is 


unobservable. In ignoring-tte cost of building and maintaining a 
“control mechanism, the principal -agent líterature may well have biased 


- 


its results toward excessively complex mechanisms. 


In an article developed simultaneously, Melamud and “Reichelstein 


(28)? derived simflar results to those found in this chapter. Both 


works come to the same conclusion for the case in which output and. 


effort can only take a finite number of states. For the more general 


environment in which output is continuously distributed, the results 


a ` ` 
differ in that alternative restrictions on the distribution of output 


. 


are examined. , ad 


: ` The remainder of the chapter is organized as follows. In the 
` ` 


,next, section, we present the model. In section 1.3, we look at a 


a 


$ E 2 j E wn 
simple example and derive the main result for the case of a discrete' 


distribution, > In section 1.4, we consider the case of continuous 


` 


~ distributions. Finally in section 1.5, we present some examples. 


m ~ 


Section 2.6 provides concluding rematks. ` 


pt 


1.2 THE MODEL 


We examine a principal-agent relationship We suppose 
that the principal and the agent are TEEN RA The usent can be of 
any type: type is denoted by the variable z and is assumed to belong 
to the interval Ze [zo z1}. The principal perceives the agent's jype 
as being drawn from a distribution G(z) with density g(z). 

The principal owns a production technology that requires as its 
input an effort level taken by the agent. We assume that the effort 
a belongs to the snuit A cr . We denote with C(a,z) the .monetary 
equivalent of the cost of effort to the agent of type z. Thus, a 
difference in type reflects an inherent difference in Litres the 
productivity of de agent or in her willingness to work. We assume’ 

. that a higher ses has a strictly ee cost and marginal cost. of 


effort: C,(a.3) < 0 and C,z(a,z) < 0. The second requirement is 


familyar to private information problems and is usually refered to as. 


are crossing property (see Maskin and Riley [21]). 


functional form C(a,z) is common_knowledge. ' The type, the 


undectaken and the incurred cost of this effort are 
assumed to bd the private information SE eeatt The effort level 
produced by the RT and an cacbasivabls random eave of nature $ c 
(8,8) PERE IN. monetary outcome a which is observed by both 


parties. We denote the p.d.f. of $ by f(8). The output x(@,a) is taken 


pe observable by both parties. The problem of the principal is to 


determine how the payoff should be divided between the agent and 


himself. The principal determines the division in order to maximize 


. 


` 
, 


re 


t [0,x,(a)], vhere LCA? - x(8,a). 


his expected profit. TE > : N 


wy! 


We assume that: -- 


à 
(A1.1) x(.,.) is continuously differentiable and strictly increasing 
in its arguments. . 


_(AL'2) f(8) > 0. 


(Al.1) and (Al.2) are the central assumptions of the chapter. 
The essential requirements in (Al.1) are that output is increasing in 


effort and that there exists a best state of nature. (Al.2) guarantées 


- 


. 4 
that for every effort level the output x(*>,a), which is attained in 
the best state of nature, has a positive density. 


Using the argument of Holmstrém [15] and Mirrlees {29], we can 

we ered > ii 

„eliminate, the random variable $ and view x as a random outcome 
.os Q 

whose distribution function depends on the effort level produced by 


+ 


‘the agent. We denote the distribution of x by F(x,a), With density 


| £(x,a)??. The assumptions (Al.1) and (Al.2) imply that the support of 


am, 


the Variable x is included in the: closed’ bounded interval 


- 


We could have left the dependence-of the variable x on the 


type of the agent implicit throughout. We chose to introduce the 


- 
` 


random state of nature explicitly to give a justification to the 


‘assumption that the support of output is strictly increasing ‘with 


effort”), (A1.2) then guarantees that x has a strictly positive 


“ density at the upper bound of its support. 


Ni : oe | 
a i 
.. Y : f 
: , 10 
r 
We require an additional regularity condition on the conditional ‘ 


distribution of x: : > 


: > z 
(A1.3) The function f(.,.) if differentiable for all x e (0,x,(a@)] and 


‘for alla £ A. | | o` 


The standard approach to the above problem is to search for an 


optimal ‘mechanism M = (s,a), which is made up of a sharing rule s 
y < £ . Pp ý . ` < ù 
and an effort rule "a ; see for example the ‘paper by Christensen [5]. 


A A a . s 
` The mechanism works -£aliovs: ‘the principal requires the agent to 


e 


ue make A report r about. her type. Given this report, the principal 

suggests to the agent that she undertake the effort a(r) . Finally, 
ine report togather “ich ‘the outcome of the varjable x, détermines 
the payment to the agent ca as well as the profit of the 
principal: x.- ee le 4 
T The set. of | potential mechanisms : is restricted by two 
constraints: First, an individual rationality cohstraint which states 
that the agent must be “fade: at least as well off as his riext best 
alternative which sís “taken “to “be zero. Second, an incentive ~- 
compatibility constraint which requires that e: E be in thd 
interest of the ‘agent to hoaeaeiy report her type and also to supply 

| ` 

the effort suggested by the principal. ¿From che generallzed version 


of the Revelation Prineíple, we kndw that thts second requirement is 


“wfthout loss of generality (fdy reference, see Myerson [30]). The 


mechanism M* = isa) " is optimal if it maximizes the, following 
control problem: . | i ( 
ei 
e "a ' ‘N 


zı x, (a(z)) s 


Max {x - s(x,2)) f(x,a(z)) dx dG(z) 
ea s,a z 0 @e 
0 
dd x) (a(2)) ` 
(1.4) VzeZ, f s(x,2) £(x,a(z)) dx - C(a(z),z) 2 O 
i 0 j oe 
ue io 
a e A ` ‘ me? | 
. | (1.2) VzeZ, (a(z), z) = Argmax Í s(x,r)°f£(xX,@) dx - C(a,z). 
: aie ce 
0 
a E 
| N Alternatively, the mechanism may be interpreted in the followin? 
way. The principal offers to the agent a menu of sharing .rules 
s*(x, z) . The agent chooses: the sharing rule which is beget for her. 


Given this sharing rule the spent then praduces the effort level which 


e 


maximizes her own expected utility. 


g E 


A recent article by pee and' McMillan [24] used a “similar 


+ 


gode] vith two significant "differences. First, they considered. 


competition among the agent whereas we assume -chat there is only one 


» 


-agent penis we could assumé that Ehra are. many agents, but 


. that the principal must defl with each of then; an example ¡of' this 
would be the optin A tax problem). Second, they assumed ‘a fixed 
x | support for the dist ibution of x. In their paper, they : shdwed that 


the optimal” sharing rule remains the same even. in.,the face of 


.- competition among the agents and also that under fairly weak 


re rictions the principal can find an optimal sharing rule which is 


liñear in output, 1.e. of the form: à 


-,0 


Ta 


s(x,2) = a(z) + b(z)}x 


The present chapter addresses a different issue. As mentioned, 
> ; i è 
we do not consider competition among the agents. This is ‘significant, 


because in the case of competition, communication between the 


N, . ` 
2 Ysincipal and the agents serves a dual purpose: first, it makes it ' 


i & 
possible for the principal to select an agent on the basis of her 


— w+. 5 


report, and second, it fixes the sH&ring rule: In the present’ case 


comminication serves solely to select the sharing rule appropriate to 
the agent's type.” 
In this context, communication (from the agent to the principal) . 


A A 


is said to have no value if there exists a mechanism x =- (sa) which, 
optimizes program (I) and where “a ~is a function of x only. In such 
an environment, the mechanism and che incentive compatibility 
constraint have a slightly different ENEA AN When the 
principal communicates to the agent the mechanism, he suggests to her 
that she undertakes the effort a(z) if her type is z. The mechanism is 
then incentive compatible if it is always in the agent's own interest 
to follow this suggestion. 

‘Suppose that M* -= (s*,a") is an optimal mechanism. If we 
consider the optimization problem of the agent, it becomes apparent 
that ve can separate her reporting decision from her decision about an 
optimal effort level. Indeed: 

X41 (a) 
Max s*(x,r) f(x,a) dx - C(a,z) 


0 
TR 


ie * ` š “>. 4- os 
| ‘ re l 
. E 2 Ne 
. a > 
13 
: xı (a) 
= Max { Max | s*(x,r) f(x,a) dx | - C(a,z) 
0 | : 
x ' Define’: - a de 
E | xq Ca) o. 
(1.3) . r(a) = Max f s*(x,r) f(x,a) dx 
| 0 


. 


Tr(a) denotes the expected transfer to the agent when she 
produces the effort level a and, given this effort makes a report 
which maximizes her expected rent à Using this notation, the 


optimization problem of the ‘agent with réspect to effort becomes: 


~ - e 
` 


Max r(a) - C(a,z) ; 
the i K acd ¿ g | = 
It should be apparent that communication has no“.value to the 


principal if there exists a sharing rule s(x) such that: 


x (07 
o . VzeZ , Vaca, (1.4) r(a) = J S(x) £(x,a) dx 
a 5 


` 


Indeed, when (1.4) is solvable, whether the principal uses the 


mechanism M* - (s* 


ar) or M= (s,a”), his expected profft and the 
T expectéd rent of an agent of type z are the same for every type. To 


prove this statment, just notice that the expected -transfer of an 


agent of type z is the same for every possible effort level a and 


` 
A 


every type ‘Therefore, since M* is incentive compatiblé, M must 


also be incentive compatible. The solvability of (1.4) clearly. _ | 


Ed 


-+ 


` | ty 


l4 
depends oa FO) ; F(»,+) and = x} (+) D te result of the 
chapter oc that there exists a set of assumptions and regularity 
.conditions which ensure that equation (1.4) is solvable. 

The standard approach, which oe described úl. has recently 
been criticized by a number of authors (e.g. Hart and Moore [14}) for 
the following refson. The solution to problem (1) yields a mechanism 
which is incentive compatible and simultaneously yields an effort 
function which is not ex-post efficient”? (see theorem 1.2). Since 
the mechanism will induce the agent to reveal her true type, 
after reporting both parties will have the same knowledge. Therefore ; 
it would be advantegeous, at nis point, for both parties to” 
renegociate chee tales agreement because of the inefficiency of the 
mechanism” The problem then is, that there is nothing andogeneous to 
the model which can prevent the two parties from renegociating, 
however, = allow renegotiation WET break the initfal mechanism, 
wanes the agent would anticipate it and, would, therefore, not reveal / 
her true type. i 

In an environment where edamuntcatton has no value, the 


difficulty created by potential renegotiation can be avoided because 


there! exibts a mechanism with no reporting. For this mechanism there 


. can be no precommitment difficulty on the part of the principal 


because his knowledge is never altered. A mechanism of this type is 
said to be renegotiation proof meaning that it never is to the 


` advantage of both parties at any time during the game to rewrite the 


4 
initial agreement. 
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- 4.3 THE DISCRETE CASE 


Throughout this section, we assume that output and effort can 
only take a finite number of values. More precisely, we denote the set 
of possible outputs Xx and the set of attainable efforts A and 


assume: X = ixi ol x), 4- (ay IN a.) 


Finally denote with: 


Pay = prob[X=x, | crudos P = ld in 
j-1,...,m 


In this discrete environment, the analog of (1.4) states that 


communication has no value to the principal if, for the vector of 


expected transfer r(A) = [rCa)),...,r(a,)] , there exists a vector of 
‘ o 
payment s(X) = [s(x,),...,s(x,)] such that 
(1.41) © (A) =P + s(X) 


S 


+ 


That is, communication ‘has no value to the principal if the 


vector r(4) is in the image set P(R”). One way to guarantee that 


(1.4') is solvable is to require that every vector in R” be in the 
imagé set PCR"), or, equivalently, that P(R") = R,- this proves the 
following result (the same conclusion has been derived by Melumad and 


Reithelsteín (28)): 


Lemma 1,1: In the discrete environment described above, a sufficient 


condition for communication to have no value is that P(R”) =- A 


y 


The condition of the lemma is obviously very restrictive because 


16 
we require that (ice?) be solvable for - every possible étés 
transfer vector. VWe can easily find pres where communication has 
no value though the condition of lemma 1,1 is not satisfied. A simple 


example will suffice. Assume X = (x.X2) and A - (a) .a5,a4) with 


1/2 1/2 
pr. 1/3 2/3 
1/3 2/3 


Assume that for every type z, the costs of producing the effort 
level a, are larg@ than those of a> . Actes any optimal 
mechanism will require a(z) e (a, ,a7). Say 1(A) = [r(ay),r(a)7),r(a3)] 
is the optimal expected transfer. Then 7(A) = [r (a,).7 (ag), 7 lay) ] 
leads to the same effort and the same expected transfer. But 
obviously F(A) e P(R*). Thus, despite the fact that the condition of 

: ; 
lemma 1.1 is not satisfied, communication has ‚no value to the 


F 


principal in this example. * 


1.4 THE CONTINUOUS CASE 


The discrete environment which we constdered in the foregoing 
section led in a straightforward fashion to a nice and general result. 
We tre have expected the same for a Re distribution; 
unfortunately this is not the case. As before, De A denote the 
compact set of possible effort levels and X the compact set of 


1 A 
possible monetary outcomes. Using standard notation,. C(A) and C(X) 
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denote respectively the sets of continuous bounded functions on A 
and a X . A mapping from the set C(X) into the set C(A) is 
called an operator. Using these definitions, it can now be seen that 


equation (1.4) defines a particular operator. This mapping is 


referred to in the mathematical literature as a Fredholm operator of 


the first kind (in honor of the Swedish mathematician who first 


analyzed this particular type of equation”). 


A : C(X) > C(A) 


e 


xy (a) 

(As)(a) = s(x) dF(x,a) 
0 

As in the foregoing section, communication will have no value to 
the principal if the operator A ís invertible. In general, Fredholm 
operators of the first kind are not invertible: in fact, operators of 
this type belong to a class of so-called "ill-posed" problems. 6) 
However, because of the requirements which were imposed on the 
distribution of che variable  thiouanche assumptions (A1.1)-(A1.3), 
A simplifies to an operator which can easily be transformed into a 
7) 


Volterra equation of the first kind Under simple regularity | 


conditions, equations of this type are invertible®) (see appendix 1). 
A, 
Before we can derive a generalization of the foregoing result 


for the continuous case, we need to consider under which conditions 
-the function r(.), defined by equation (1.34, is differentiable. It 
s A . . # 

was noted ‘earlie: that the reporting and the effort decision of the 


agent can be separeted. This observation can now be applied in order 


a 
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to reformulate the optimization problem of the principal using the 


expectation of the transfer rather than the transfer itself. 


The control problem becomes: 


z 
1 
Max | {u(a(z)) - r(a(z)))g(z)dz 
a(+),r(») > 
0 
(11) 
(1.5) Vz eZ, a(z) = Argmax r(a) - C(a,z) 
acd 
(1.6) Vz eZ, x(z) = r(a(z)) - Cla(z),z) > O 
xı (a) - 


where ¡u(a) = | x f(x,a) dx 
0 


In this notation, x(2) denotes the rent which the agent will 
extract if she is of type z, and yw(a) is the expected value of output 


if the agent undertakes the effort a. The solution of (II) will solve 


which induces r. 


4 
Using the same notation as McAfee and McMillan [24], we define: 
(1.7) A(a,z) + pla) - Clajz) + 20% c (a.z) 
g(z) 


From McAfee and McMillan [24], we know that for mechanisms whiéh 


induce the agent to reve@ her true type, A represents the expected 


ae 


ð. 


the original problem if the principal can find a transfer function 


“respective arguments. 
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net return te the principal.” 


{ 
Theorem 1.2: Assume that A is twice differentiable ard also satisfies 


* che following requirements: 


"(AlL.4) Vze [29.21]. œ € à s.t. A (a,z) = 0 


sf 


eine? Vze [29-21 1. Vaca 
(1) Ana (2.2) < 0 


ee (11) A,,(a.z) > 0 ne 


then, first, the following functions maximize problem (11): 


(1.8) a” (z) = Argmax A(a,z) 


acá 


(19 rata a l(a)) , 


and second, thege* functions are twice differentiable in their 


. 


. 


(A1.4) is necessary to ensure that the effort function can be 


defined by an Euler équation. (Al.5)(i) guarantees that the effort 


function is differentíable. (A1.5)(11) is ‘familiar in private 


inforpation Prosa, - and implies that the effort function is ‘strictly 
inereasing in types (for a divecdenion of this last assumption, see the 


work by Maskin and Riley (tp. 


Brook: The first section: Se ane proof uses a ‘first order approach. 


mis epetion is ditectly tåken „from McAfée and McMillan [24]. e 
rae = yA 
. > 5) : A 
: 2 3 s 2 i r 
x ` A e. $ KAS 


the agent ‘yields the following condition: 
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Using the first envelope theorem,- the maximization problem of . 


- 
. 


A “ 
» 


. > 
(1.10) x,(2) = -C,(a(z),2) 
but since at the optimum we also have 
A A 
“EA? r(a(z)) = «(zy + Glatz) 2) e 


we can rewrite the maximization problem of the principal as follows.. 


Z 

1 
Max | lu(a(z)) - x(z) - Cla(z),z))g (ade 
al») a e 
O. 
(111) 


Set. x, (2) = -C,(a(z),z) 


rte) > 0. 


`< Since by ` assumption C> < 0, we know from the incentive 


compatibility constraint that (+) is increasing with type. We can use 


‘this observation to eliminate the individual rationality constraint 


along the path and only require r(zp) 2 O . In substituting problem 


(111) for probiem (11) we have ignored the second-order condition of 


the agent's maximization problem. We will return to this point at the 


end of the proof to show that when the assumptions of the theorem hold’ 


a” is globally incentive compatible. As in Baron and Myerson [4], we 
can ee use the first-order envelope condition to substitute #(-), 
indeed: 
. Zz ` C zı Zi | à 
(1.12) f a(z)g(z)dz = n(z)(1-G(2))| - J r,(z)(1-G(z))dz 
, 0 | žo žo 


> 


“¢ 
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e : 
Using this substitution and (1.7), problem (III) becomes: 


2 
1 lo 
(IV) Max f A(a(z),z) g(z) dz : ® (29) 
a(») 
> F Zo $ 
Le N 
s.t. x(zo?) > 0 


= 


“This proves that the optimal effort level is defined by (1.8). 
_(A1.4) guaranties that. (1,8) is always solvable. Furthermore, applying 
the implicit function theorem twice, (Al.5)€i).implies that a” is 


. 


twice differentiable. The rent which the agent will extract follows 


from (1.10) by integration: non 
v. . 
.. . 2 A NS 
CAD) mz) = f -C (a*(z),z)dĉ + c 
a z . 


0 
since (zp) ‘enters ne paclvely into the objective function of 

the principal, ve know that he will optimally set MEA 
on Thereforé,’ tHe “constant term in (1.13) is. zero. In oder to prove 
(1.9), we must show that ES) is invertible. We do this by showing 
` that the effort level is strictly increasing with type. Using the 


* implicit function theoren, we obtain: ' 


‘+. (1.14) az) = Aa" (2),2)/Agta"(z):2) > 0 | 


« . # 


-The assumptions of the theoerm imply that a (e) ís invertible 
and (1.9) fbllows immediately from (1.11). From (1.9) and (1.13) and 
the fact that a” is twice differentiable, we also. conclude that rig is 


twice differentiable. 


qué 
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Finally, to conclude the proof, we must show that the second- 

order condition of the reporting problem of the agent is satisfied 
along the path a* (2) . To show this, take equation (1.9) and totally 
differentiate both sides twice with respect ee eters: Rearranging the 


t = 


terms, we obtain: 


dz 2 6z 


This equation can be greatly simplified. From (1.10),-we know 


that the second term of (1.15) is were. Also differentiating (1,10) 


vit respect to z yields the following equality: 


* 
(1-16) Zaz +t €z = A 
êz 


.Substituting this equation into (L75) yields: 


* 
AD) rta Ez) - Copla (2),2) = Cg, (a%(2),2)(2%)"! <0 


ez 


The left hand side of (1.17) is just the second-order condition 


of the agent's problem. It is negative since by assumption C 
NN . y 
and ftom equation (1.11) a, >0 


az hi 9; 


This concludes the proof. 


ow 


Q.E.D. 


Using’ the solution of problem (It), the principal can derive the 
‘transfer function of the mechanism by -solving equation (1.3) or 
alternatively, if communication has no value, by solving equation 


e 
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€ 
(44). We conclude this ‘section by presenting a set of conditions 


LA 


which guarantee that communication has no valye. 


Theorem 1.3: If the assumptions (A1.1)-(A1.4) are satisfied the 


integral equation: 


+ 


xı (a) 
(1.4) r(a) = s(x)f£(x,a)dx 
19] $ 


has at „least one solution and communication has no value to the 


principal. - 


Proof: In. (A1.1) we assumed that x1 (+) is an increasing function 


"and so x lee) exists. Denote x, (a) = y and define: 


K(x,y) = Loa tu) 


80 = ra y) 


Using this notation (1.4) can be rewritten: 


y 
e) g(y) = | s(x)k(x, y)dx 
0 


where yc{y,y] and y = min x, (a) 
acA 


y = max x, (a) 
acA l = N 


The integral equation (*) ís a Volterra equation of the first 
kind With unknown s(.). Implicitly, the functions g(.) and k(x,.) have 


been assumed to satisfy a number of regularity requirements: 


N 
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a) _(A1.1) and (AL.5) imply that g(.) is differentiable. 
(ii) (A1.2) implies that Ky.) #0 for all ye[y.y). 
(iii) (A1.6) implies that dk/dy (x,y) exists, is continuous 


and bounded for all ye[y,v! and all xe[0,y}. 


The solution concept for an equation of this type goes back to 
the Italian mathematician Volterra [37]. In order to derive a solution 
using Vqlterra's method, - (*) is required to be defined for ‘all 
possible values of y over the interval [0,y].-It is ‘obviously feasible 


to extend the support of the functions g(.) and k(x,.) to this 


interval, such that: 


1" 


- g(O) = 0; notice, when y=0, g(y) will be by ` 
construction 0. 
- The requirements (1), (11) and (iii) are 


satisfied ovar the entire support. 


Given these extensions and conditions, the resulting integral 
equation has a unique selution. This proves that there exists at least 


one solution to (1.4). This solution is in general not unique because 


the extensions of g(») and k(x,*) are arbitrary. 
Q.E.D. 


The critical’ requirements for the above theorem are that for 
all feasible effort levels .the upper bound of the support has a 
strictly positive density - £(x(a),a) > 0 - and also that the support 


of x is strictly increasing in a. ,It is fnteresting to see how these 


A | + | A 
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two assumptions translate for the environment which we examined in the 
foregoing section. In the case of a discrete distribution, the 
requirement that the support of output be moving with effort is 
equivalent to the assumption that the matrix of probabilities be 
triangular. The requirement hee the upper bound of the support has a 
positive density implies, for the discrete case, that the Hatria of 
probabilities has re elements along its diagonal. ES, that 
sínce in the IE case the cardinality of X and A are equal, 
we consider the ee a Shere the dimension of X ‘and A are 
the same.) Clearly, in such a case, the matrix of probabilities would 
be invertible and (1.4') becomes solvable for all possible r(.)>'s. 

The conditions of theorem 1.3 require that the density of BGepue 
be discountinuous at the upper bound of its support. From an economic 


perspective, this requirement is not always appealing. Mathematically, 


it is also not necessary. The result of theorem 1.3 can be extended as 


a 
follows: 4 

. IN 
Theorem 1.4: Assume the assumptions a (A1.4) and (Al.5) are 
satisfied and ac | 
(A1.6)(1) Vacas, f(x, (a),a) =- 0 and £,(x, (a) ,a) AO, 


(ii) £(.,.) and X1(.) are twice continuously differentiable in 


effort. 
A 3 
Then the integral equation (1.4) has at least one solution and 


communication has no value”). 


a" 


; . 


J 


A 


Proof: As in the proof of theorem 1.3, we can transform (1.4) into the 


. r 
integral equation (*). Using (Agé > and differentiating (*) with 


respect to y yields: 


y 


car) g'(y) = | S(x) ky (x,y) dx 
i 0 
` This k, again a Volterra equation of the first kind. & 
construction, this equation satisfies all the requirement for 


solvability as formulated in appendix 1. 


Q.E.D. 


In the first part of this section we will consider two different 
examples. ` The first example is a direct application óf Theorem 1.2 
and 1.3, while in the second example, we will show that even when the 


support of x is independent of a , we might still be able to solve 


Ed 


the problem. 


Consider the problem of a landowner Who wants to rent somesof 


3 


his fields to a farmer. In this context, xy (2) will denote the maximal 


quantity which the farmer can expect, if he supplies the effort level 


a. For this framework Xial-? > 0 is a very natural assumption, For 
simplicity we suppose that x¡ (a) = a. Obviously, a number of non- 
controllable random factors such as” weather conditions, soil 


conditions, etc. ... also affect the crop. We assume that the. sum of 


these non-controllable random factors can be summarized by viewing the 


HA . z ` a . 
+ o 
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; 
PA 


ma 


of effort for. a farmer of type z is assumed to be reflected by a 


e . 
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~. 


crop production as a random variable. For simplicity, the crop output 


is taken to. be unt foraly distributed over eer Since- the upper 


s 


bound of the suppart depends on the effort level, we haves: 

‘l/a Pr V xe (0,a) 
(1.16) “f(x,a) = < 

> | - 0 otherwise”: 


; Le 


Finally, let us assume that the farmer can be'of different’: 


‘ / 
ad 


types, perhaps? reflecting his willingness to work. The types are 


supposed to be uniformly distributed over the interval [0,1]. The cost 


e 
> 


quadratic function: |. `a 


Ta (1.17) a a 
: = ` 4 


This envikonmeft satisfies all the conditions of theorem 1. 2. 
a 


Therefore ve. know thar. Sémmunication has no value to the ‘landowner. 


+ 


The ` problem remains to | find A :CrOp- sharing rule which will induce the 


farmer to supply the optimal ia of eff®rt. Using the botaldi of 


the foregoing. A the expected: value af the crop production, as a 
A .. t 


furieeton of the effort supplied, da: 


(118) ,. Mar = 2 - E 


nh Sree 


For this particular environment the equivalent of programming j 


bia (IV) takes the ne fora: 
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From the first-order condition of the problem, we obtain the 


' hS 
optimal effort level which the farmer wih should supply as a function 


of his type: 


(1.19) mes 
22 


Using the same notation as in the foregoing section, we denote 


with m(z) the rent of the farmer as a function of his type. From the 
first-order envelope theorem we have: * 


— 


a*(z)? 1. 
4 


(1.20) z (z) = - 
2 
16z 


Integrating with respect to z yields the rent whfch the farmer 


will extract (note Mat a(l) = 0): 


(1.21) Es A 


léz 16 e 
Using this result and the definition of the rent of the agent, 
as transfer minus cost of ‘effort, we finally obtain the optimal 
expécted transfer function: 
(1.22) (ala Lo * i 
4 16 
Finally, the laridownermust find a crop-sharing rule s(x) which 


Boas induce the above expected transfer rule. From Theorem 1.2, we 


know that there exists such a function. It must solve. the fellowing 


integral equation: 2 
a 
das a f s(x) (1) dx 
4 16 0 a . 
1 Substitution shows that the following crop sharing rule solves 


the landowner's problem: 


(1.24) sy = * - 
2 16 


This example yields a particularly simple sharing rule; 
basically the landowner and the farmer divide the output equally 


between themselves (plus/minus a lump sum of 1/16). 


` e 


The next example violates two of the assumptions made earlier. 
o 


+ 


We will assume that the support of x is unbounded and invariant to 
changes in the effort supplied. The main purpose of this example is 


to show that there are many cases in which the hypotheses of Theorem 


: 1.2 are not satisfied, yet the main results of the anal:'sis still 
.» remain valid. Assume that the c.d.f. of x is given by a Poisson 
distribution: 


“2 


(1.25) F(x,a) = 1 - exp(- x/a ) Vx € [0.0] 


pa 


where À = l/a is the: Poisson coefficient. The expected value 


of output for a particular éffort level is easíly calculated: 


ufa) -Í (x/a)exp(- x/a)dx 
` 0 k 


A 


o” o 


+ | exp(- x/a)dx 


0 0 / 


-> 
pla) = -x exp(-x/a) 


(1.26) pla) = -a exp(-x/a) | a 
A 0 a 


The second equality follows from integration by part. In 
equality, the first term on the right hand side is zero. Indeed, 


l'Hospital's rule, we have: 


lim. e =~ lim 1 = 0 


x>wo exp(x/a) ne 1 exp(x/a) 
a 


A 
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this 


from 


~ 


Finally, let us suppose that the cost of effort can be 


represented by the same function as in the previous example. 


optimization problem of the principal now becomes: 


Max f {a \- + za? )dz 0 


e. 


The 


The optimal effort beta ae the principal would like to 


Y 


induce, follows from the first order condition: 


cau ayan 
z 


x 


Using a (+) to derive the expected rent and transfer function, 


e 


we obtaín: À fu 


` 
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(1.28) x(z) = dl 


Ni 
Pl 


£ 


(1.29) riep=la-l \ 
2 4 


The problem is now reduced to finding a sharing rule s(x) which 


satisfies the integral equation: 


2 


(1.30) 1 a - a - f s(x) 
2 4 0 


exp (-x/a) dx 
a : 


Using the calculation which we derived in (1.26), it can be seen 
that the followigtg sharing rule satisfies the above equation: 
(1.31) s(x) = * - | | 
2 4 
To conclude this section, we present ag@feometrical example where 
communication has a positive value. For this purpose, assume that the 
distribution of output is such that for two different effort levels 
az. a, . q 
. e ` 
Vxex, f(x,a,) - f(x,27) 
This assumption clearly violates the requirements of theorem 
1.2, since x,(.) cannot be monotone. More precisely, assume that the 
shapes of u(a) , r(a,z,) and r(a,z,) are given by Fig. 2, where: 


r(a,z2) = C(a,z) + t, (a.z) G(2) 
a 8(z) 


Fa 


: yea ` 32 


From the diagram, we can read that the principal will want to. 


induce a" (21) - a, and a" (z3) - a. We can also see that r(a,) A 


r(a,). But since for any sharing rule s(x) 


f s(x) £(x,a,)dx - J s(x) £(x,a5)dx 
xX x 


(1.4) cannot be solvable. Thus, for the presupposed environment, 


5 


> 
communication has a positive value. 


a Fig.2 


œ 
1.6 CONCLUSION de 
N 


The main result of this chapter is that for a large “class of 


principal-agent models with moral hazard, edverse selection and no 


LA 


competition for the ue a optimal mechanism has no need to 


w 


+. : + a ; 
' 2 — 


: = | depend on reporting. 
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Indeed, there exists an optimal sharing rule 


"which depends only on the production outcome. This mechanism is 


“obviously renegotiation proof. Also, the simplicity of the sharing 


| a Fe by Arrow [ste 
Y 


appears quite often 


in che 


problem, it is, clear .that the @fforts taken by a landworker are 


literature is 


‘rule is attractive, in particular, in the light of the recent critique 


. 


We believe that the results of this chapter have implications 


( for many economic problems. One example which we discussed and which 
Fa » 


sharecropping. In this 


potentially observable, but that a mechanism made to observe these 


> 


= . 


se 


> * efforts would be costly. 


> 


Given this observation and using the above ` 
‘result, ic becomes plausible that the simple crop-sharing rules.. which 
we observe in reality, are in fact optimal mechanisms. 

; | More apastanció the above results’ have implications for the 
tax problem. We can view the fiscal authority as a principal, one 
A ET agents:and the search for an optimal tax structure as a 


. ‘principal-agent problem. This problem will obviously exhibit both | 


y f moral hazard and adverse selection. Also, there are no difficulties of 


` > a 


competition for the taxpayers, since the principal will want to tax 
h , aC . 


every agent. Thus, the structure of the tax problem fits exactly the 


fiscal ‘authority. 


« 


model used in this chapter, The conclusion is that the optimal tax 


méchanism will’ not require communication between the taxpayers and the 


r 
f 


1) This research is independent from [28]. 


2) The model can easily be made more general. We could assume that the 
distribution of x is given by a function of the type F(x. h(a.z}). In 
this context h can be interpreted as "efficiency". Under weak 


gularity conditions on the cost of effort, such a fÿodel would be 


"equivalent to the case which we analyze.. For a discussion of this 


`~ 


- 4) The principal could suppo 


ass tion see [24]. 


` s 


” a ` 
3) There is a misconception that a moving support will always sustain 


the first wage solution. The first best solution can be supported {n 
examples like Gjesdal [12] because if the agent lies there is a 
positive piobestivey that he will be discovered. In which case a 
strategy which inflicts an Infinite punishment when the agent ‘can be 
proven to have lied always guarantees Peuth VEVPALINE g A streregy of 
this type does not work here even though the ptincipal can detectsome 
form of deviations. The reason is that the. principal cannot detect 


deviations when the agents undertakes less effort than he is supposed 


. 
+ 


to and only deviations of this type are of interest to the agent. 


w . A 
a mechanism which efs efficient, 


incentive cómpatib and indiWidually rational, but, in general, such 
a mechanism will not be optimal from his perspective. The reason is 


that it leaves the agent with a strictly positive rent. In which case, 


- 


it becomes advantegeous for the principal to trade off some efficiency 
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in order to reduce the rent of the agent. 


. 


5) Fredholm, 1. Swedish mathematician who worked im the early 1900. 


Fredholm {10} is a well known reference of his work on integral 


equations. 


6) Let K be an operator K: X + Y and consider an equation g = Kur 


The problem is said to be ill-posed if any of -che conditions do not 


hold. 


è 
' (a) VgeY , there exists uc X s.t. g = Ku 
(b) The solution u is unique in X 


`~ » 
(c) The dependence of u upon g is continuous. 


N— 


7) Volterra, V. Italian mathematician who worked at the end of the 


nineteen and early twenty century. Volterra Wind Pérès :[38] include 


y 


most of the work by Volterra on integral equations. 


8) While we restrict the scope of the p.d.f. f(x,a) in order to 


solve for (1.4) exactly, [28] defines a solution concept based on an 


c- argument. The advantage of their approach is that it works for a` 


larger class of distributions. Its disadvantage is of course that it 
does not yield an exact solution. Also, the. fact ‘that Fredholm 
operatots of the first type can be noncontinuous weakens their 


solution concépt. ca : > 


9) The case where £(x, (a) ,@) = 0 for some but not all a £ A is more 


. 
r 


difficult and has rot yet been solved. - 
ry | i | ; 1 


` 


LS 


.In this ghapter, we consider another principal-agent model. but 
this time only with adverse selection. Again,. the objective of the 
principal is to choose a Ni rule: which will maximize his own 
welfare, whereby he must take into Mes tupbacd by the. 
agents behavion"as vell as by _the informational structure. 
Principal-agent models vith asymmetric Information structure can also 
be sen ae information extraction problema The principal designs a 
mechanism in order to extract the private information of the agent at 
a minimal Cost. | | 

A number of economit problems fit the structure of a principal 
agen® model with asymmetric information. Some examples have already 
been analyzed in the recent literature. Baron and Myerson [4] 
reexamined the problem of regulating a monopolist. The traditionag 
solution to this problem goes back to Dupuit [9] and Hotel bing (17) 
and presupposes that the evinced has complete information about the 
cost of the firm. However, as Baron and Myerson point out: "it is 
natural to expect that a firm would have be gg” information regarding 
its cost than would a principal”. Another example is found in an 


article by Maskin and Riley [21]. This paper considers the pricing 


policy of a monopolist, who doés not observe a relevant parameter in 


í 


J 


the consumer’s preferences. $ 

A feature common to these papers is that the introduction of 
asymmetry in information affects the distribution of wealth between 
the principal and the agent and introduces distortions (that is, 
deviations from the first best solution). In the problem examined by 
Baron and Myerson [4], the monopolist is shown to be able to extract a 
positive profit. Also, the optimal production level is less than it 
otherwise would have been under complete information. Similarly, 
Maskin and Riley [21] show that a price discriminating donopo Litt, who 
faces imperfect information, will not supply the first best 


quantities. The monopolist also loses some profit to the buyers. 


e 


These results are based on a crucial informational assumption. 


It ís implicitely assumed that the two parties cannot observe ex-post 


any variable correlated to the private information of the agent. Here 


are some. examples which violate this assumption: 


(1) The agent is a firm and his private information affects his 
production cost. After production both parties observe a signal 


correlated to the incurred cost of the firm. 
| 


(11) The agent is a firm which produces pollution as a by- 


`~ 


product. The private information of, the firm characterizes its 
technology ánd as such affects the quantity of pollution produced 
for a given output level. Both parties observe a signal 


correlated to the pollution produced by the firm. 
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(iii) As in Baron and Myerson [4], the agent is a monopolist. 
His private information is an input price or a variable which 
measures his productivity. In either case, both parties are 
assumed to observe an index correlated to the information of the 


monopolist. 


The main purpose of the present chapter is to show that the 
standard results of the principal Agent literature (that TT 
inéteteteses and a positive rent to the agent) can be completely 
reversed if the principal and the agent can observe ex post a variable 


correlated to the agent's type. This result is obvious under perfect 


correlation. The contribution of this chapter is to show that it 


generalizes even under a relatively weak correlation. 


` 


A number of papers have dealt with a similar issue; Crémer and, 
McLean [7,8] and Maskin and Riley [22], McAfee, Mcmillan and Reny(26] 


examine the auctioneer's problem when the distribution of the agent's 


type display còrrelation. The general consensus is that for a large 
` 


class of distribution the auctioneer will be able to implement an 


efficient allocation and also extract the entire surplus. These papers 
o 


concentrate mainly on existence pzo0fs. In contrast, we provide a 
closed form solution to the principal’s problem. McAfee and Reny [27] 


oth + 
consider a model similar to the one studied in this chapter. The two 


. oo 


works differ in that we examine different regtrictions on the 
conditional distribution of .the agent's type. 


The remainder of the chapter is organized as follows. In the 


next section we present the model. In section 2.3 we derive the main 


39 + 
results. In section 2.4 we calculate two examples. Finally section 


2.5 offers soze concluding remarks. 


2.2 THE MODEL 


` 


We examine a principal-agent relationship. Tne agent is a firm 
which produces an output q at the cost C(q,9). The parameter $ 
characterizes the technology of the firm and belongs to the interval 
189.87). The production creates a by-product. (e.g. pollution). The 
quantity of the by-product depends on the amount of output produced 
and the technology parameter; p = p(q,8). For simplicity, we assume 
that the producer does not sell his output on a market and instead 
that the principal compensates the firm for the cost of production 
with a monetary transfer T1). The incurred cost of production, the 
quantity of the by-product and the technology parameter are assumed 
to be unobservable by the principal. The structure of the functions 
C(.,.) and p(.,.) are assumed to be common knowledge. 

| The Série is a regulatory agency with a welfare function 
W(q.p) - T . Finally, we assume that there exists a random variable x, 


observable ex-post by both parties, which is correlated to p. 
We assume that: 


(A2.1) The principal and the agent: are risk-neutral. The principal 


maximizes expected welfare and the agent expected renc. 


(A2.2) V 8 © [fo], W(q,p(a.0)) - C(q,8) is strictly concave and 


takes a maximum in output. 
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(42.3) The technology parameter is distributed according to the 


density -funetion g(4) over che interval COLE 


` 


`i 


(A2.4) The random variable x is distribured--"according to the 


conditional density function f(x|p) over ‘the interval «[Xg+X3]- 


`~ 


x e 
For some sections of the chapter .we will require the. 


distribution of x to satisfy a further assumption: : a 


(A2.5) The conditional distribution of x satisfies. 


(al) For ak possible p, Vx [0,xy (p)] f(x|p) = 0, 
(a2) For all possible p £(x,¢p)|p) > o, 


(a3) For all possible p x,*(p) > 0. 


s 


The model! characterized by the requirements (A2:1)7(A2.4) fits 
as = 
the structure of a number of economic problems. In particular, the 


three examples which were mentioned in the introduction are a special 


case of these assumptions: 


(1) You can obtain the first example by assuming that the 
'e 
welfare of the principal is independent of p and by setting p - 
Le e 
C. The random variable x is then a gignal about the cost of the 


” - 


a 
firm. In this particular environment the assumption (A2.5) seems, 


natural. x} (C) fs the largest value of x which‘the principal 

` could possibly observe when the cost of.the producer are C. (a3) 

simply requires that 'this value be strictly increasing in the 

true cost. An example for which? (a2. 5) is satisfied, ig to 
; 


+ 


assume: : A 
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x = 2.C a 


where z is a random variable distributed over the interval [0,1] OS 
with a strictly positive density at z = 1. | 

(ii) The second example is the prototype of he above model, 
where cna vatita Pp measures the pollution lével produced by > 


Ae 


the firm. One possible interpretation for the variable x is 


thet it is a measure of the entire pollution, but that the 
principal cannot distinguish between, different sources of 
pollution. This interpretation provides another environment which 


can justify (A2.5). Denote with the variable y the entire 


5 F Fa ~ A be 
pollution; it must be that y is of the form y = p + p. Finally, 


.define x = 1/y. In this context the main requirement of (A2,-5) 


will be gatisfied if p can be viewed as a random variable 


distributed over the positive number with a strictly positive 


` 
hi E ~ 


density at p = Q. £ 


> 


(111) The last. example can be modelled by setting + p(q,8) = 8 a. 
: E Gi FT 


for every possible production level. In this case assumption® 


(A2.5) seems less appropriate Indeed, it does not appear 


realistic to assume that the ‘knowledge of ‘a particular price or 


of the productivity of a firm should affect the ex-po3t support 


‘of the distribution of an index. We will come back to this : 


~n. Cay 


(I 


difficulty in section 3. ~ à 


“Na. 


RS On 


“he method used. in this chapter, | to derive ‘the optimal 


regulation for the firm, is based on the literature about ircentive 


ae 


compatible mechanisms. It involves the design of a regulatory policy, 


which takes into account, that the principal does not know the type of 
the firm. It also takes into consideration that the firm generaiiy Nes 
an incentive to misrepresent itself. 

A mechanism will be a pair of functions M = (q,T) from the set 
of posstble types and outputs into the set of possible productions and 


me se 


transfers. The mechanism works as follows: the principal requires the 


~ 


agent to make a report about his technology parameter. After the. - 


reporting, the principal requirés the firm to produce coin to the 
mapping qC). After production, the principal and the agent observe 
e random . variable x. The feport r together with the variable x 
determine ‘de transfer to e producer according to the mapping 
T(.,.). The objective of the principal is to find a mechanism that 


maximizes his. expected welfage. 
z s 


- In his search for a mechanisa, thè principal will take into 


account some constraints imposed by the structure of the problem. 


First, .the prinçipal must État dat the individual rationality 
constraint of the agent. It states that the agent must always be made 
at least as well off as his next best alternative. Second, using the 
Revelation Principle, che. principal can. restrict the search to 
mechanisms ohtch pre incentive compatible. Suck a mechanism makes it 
in the agent's own interest. ¡Eo report honestly. ‘For a general 


A e. ` 
reference on the Revelation Principle see Myerson [31]. Accordingly, 


we assume that the principal; searches for a mechanism M* = (q",T*) 


which solveg-che following control problem:. 


Neg A j 


+ 
C | 
’ 
, 
. 
x 
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ae 
‘ ‘ 
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. 


6 


wx ff 


fo žo 


xı - | 
(w(q(8),p(4(8).8)) - T(9,x))£Cx|p(qí6),6))8(0)dxd8 


(1) 
Ss >; X1 
(2.1) CT | [T(8,x) - C(q(9),8))£(x|p(q(6),9))dx >.0 


Xo E , 


x 
1 
(2.2) Véc[97.91), 6 = Argmax [itor -ecac) Ed 8998 
. . Y X 
, a Xo 


The models analyzed by Baron ‘and Myerson {4} and Maskin and 


Riley [21] can be considered a -special case of the problem considered 
: ; E e 

in this chapter, where the distribution of commonly observed variable 
` 4 7 - 


and the welfare of ¡the principal are independent of the’ variable p. In 


this particular case, if the principal were* to make the transfer to 


the agent depend on the cutcome of the random variable tx , it would 
ameunt to "pure" randomidation (in this context, Baron and Myerson [4] 
proved that pure randomization cannot ‘increase the welfare of the 


e 
principal). * , . 


~ ` . 


2.3 THE MAIN RESULTS 


.. * 
D. | i 


In most principal agent models with asymmetric information, the 


principal could support a mechanism, which is efficient and inc&tive 


- 


compatible. However, in the standard model, like Baron and Myerson [4] 


‘or Maskin and Riley [21], an efficient mechanism cannot be optimal 


from the principal’s perspective. Tie reason is, that it leaves the 


+ 


à 


* a 
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agent with a strictly positive rent which Seine that it becomes 
advantageous for the principal to trade off some efficiency in order 
to reduce the Sade left to che agent. In the present model, we will 
sePthat this argument breaks betas in general, because the principal 
can find a mechanism which is efficient, incentive compatible, 
individually rational and also extracts all the expected rent of the 
agent. 

; | ui 
2.3.1 The first-order approach 

Befare analyzing the complete principal’s probier it is useful 
to examine a simplified version of program (2). «In this version, we 
substitute the second constraint with a weaker condition. Instead of 
.requiring of the mechanism that euch telling be a global maximum of 
chur désert capotti problen, we only require~that it satisfies the 
Fra order condition of the agent's maximization. 

It is well known that this approach is , generally, not valid 
because the solution to the simplified version $7 not be globally 
incentive compatible. The result of this section remains of interest 
because we actually construct a mechanism which maximizes the 
simplified rsion of the principal’s problem. Therefore, for any 


particular environment the global incentive compatibility can be 


checked 


| The simplified version of the principal's problem is: 


y re 
Na- 


ê x 
Max 15 CURAN - T(x,0))£(x,p(q(9),8))8(0)dxd9 
DOTE” 
(11) 
xy | 
(2.1) Vael(8,.8;,]. fra. 66408) 091 80x, pCq(8) 8) Idx | eB 
xo 


e | xy S i U 
(2.3) Vaeleg. Sa] 2 [Teapa eax Mes = 0 
7 r 
x 


ð 
0 e 


A mechanism, which solves this problem, can only be efficient 
(that is , idee the production a” (@)). if there exists a transfer 
function, which allows the principal to extract the entire rent of the 
agent and also to satisfy the simplified incentive compatibility 
constraint. Mathematically, equation (2.3) is cumbersome because it 
involves a derivative of the transfer function. However, because we 


* require the rent of the agent to be null for every type, it is 


possible to use an alternative condition which simplifies the problem. 


` 


` ° For this purpose we denote with x(0) the rent of the firm of type 6. 
» AS 
e | X1 E - 
*#(9) = Max ll (T(x, r), - 6(q*(r) ,8))£(x| p(y (r) , 6) )dx 
r Xo 


From the envelope theorem, we know  that-*+ the first order 


P 


condition of the agent's reporting problem can be alternatively 


formulated as: 


mA 


~ — y — m 
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o. 


. X1 
rga) = fra. spalrctis A CORE + Ca (q? (8). 8)£(x|8) 4x 
Xo e 
Since an efficient aeehantem will only be optimal if che 
principal extracts all the rent of the agent for every possible 


technology parameter, we conclude that the mechanism M* = qt) 


solves problem (11) if and only 1£2). 


x} . Vs, 
(2.4) fire) - €(q™(8),8) 1 E(x} pq" (8).8))ax = 0 
xo. 
X1 s ; 
(2.5) PCR ACCRO rats) dx - (48) .8) - 0 
Xo > ` 


The next result simply states that if there is enough 


k ; 
correlation between the commoniy observed variabliband the technology 


parameter the mechanism which solves problem (11) will be efficient. 


. 


e 


THEOREM 2.1: Assume that the assumptions (A2.1)-(A2.4) are satisfied. 
. ‘ 3 
A necessary and sufficient condition for an ex-post efficient 


mechanism to maximize (II) is that: 
Vee[8. 67), there exists a set of non-zero measure x(8) C [x9.Xx1] s.t. 
* e 
Vxe x(6),  folp(q (6),8))p(q (93,0) # 0 


s e 


a7 
4 $ 
mi a f PROOF: In order to prove the. theorem we construct a transfer function 


which solves the system of equations (2.4) and (2.5). It is useful to 


write the transfer function as follows: 


T*(x.8) = (6) + s(x.8) 


R Note that”): | oi 
Fi "I 
| . 
de | [Tanralran $ - | seet cele cacey.#y rex 
Xo i Xo 
Define: E 
“ 64¢q*(8) 6) Ñ 
A | y. Xx € x(6) 
| £CxIp(a(8),8))p4(a(8):6) [4x 
ú s(x,f) œ= ` 


n 


as 0 , otherwise 


By constructíon TC) will satisfy equation (2.5). We now 
define t(.) such that equation (2.4) is also satisfied: o, 


A 


í t(8) =  G(q"(#),8) - Els(x.0)lp(q(8),0)] 


To peeve that the condition of the theorem is necesgary, suppose 
that there exists a ® for which the above requirement is not 
satisfied. For this 6,- equation (2.5) can never be EE, sirce 
the integral is zero for any bounded T. | 

` è 


e, 


» 
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There are atleast two important observations from the above 


` 
+ 


result. First, the condition of the theorem requires that the 
technology parameter affects the distribution function of the commonly 
sidni variable directly in a non-trivial way. Second, the 
assumption of risk-neutrality is «very critical for the ‘theorem. This 
‘becomes particularly apparent when the correlation between x and. $ 
becomes weak. In paecicules, as the correlation approaches zero the 
range of s(.,.) goes to infinity. 


a 
3 e mplete- 


> 


In order to completely solve the principal's problem, we need to 
find a set of regularity conditions for the distribution function 
£(.), the function p(.) and the cost function C(.), which will 


guarantee that honest reporting is a global maximum of the agent's 
. i Y i . 
reporting problem. . y 


6 
In the traditional principal-agent model, with only one private 


information and no correlated random variable, it has been fairly easy 
to find economically meaningful requiréments, which vane that the 
first order condition of ‘the etre reporting prable is only 
satTsfied at a global max mun: There are usually two assumptions which 
are required. First, a condition which states that the marginal gosts 
are monotone in the agent's type. This eéqtivement is usually referred 
to as the single crossing property. Second, a condition which ensures, 


that output is monotone in the: type of the agent (this usually 


involves a’ restriction on the “inverse hazard rate), For a general” 


. 3 : - ds 
reference on these kinds of conditions, see the work by Maskin and 
Riley 121]. ` | - \ 

In the present case, the production requirement q” is the 
first best solution: and as such is defined independently of the 


o 


distribucion of types . Yet it remains that no single condition on the 


a 
cost function will suffice to guarantee that agent’s Pepe Ene problem 
is globally incentive compatible. “Tne reason is simply that the 
agent’s type enters directly into the conditional distribution of che `~ 


varaible, x. 
Cas 
» 


“For expository purposes, we first consider the case where the 
distribution of the commonly observed variable is independent of 


output -(this corresponds to the third example mentioned in the 


= 


` 


introduction). 


THEOREM 2.2: Assume that the assumptions (A2.1)-(CA2. sue are satisfied,” 


that che pune Clos PC ) doe 


t depend on output and that there 


exists a function s: [xg.x > R (which solves the following Fredholm 


equation of the first kind: 


« Xi . ft <>. 
(2.6) - [sws alap dx = C,(4"(8),6) 
xò » Ñ he à 
Also assume that the cost function Are ie the SSL crossing ` 
property. Then there exists an ex- post get rcvene: incentive compatible 


and Ad aaa mechanism which extracts all the expected 


2 


G 
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rent of the agent? è 
% 


PROOF: In order to prove this Theorem, we show that there exists a 
separable transfer function T*(.) such that the mechanism M” — ou 
+ I 


solves problem (1). e 


T'(K.8) (0) + s(x) 


Note that the left hand side of equation (2.5) becomes.’ 


Xi xy ` 
| LECA): + s(x)} f (xjp)pgdx - | s(x) £,Ce]p)pgdx 
f. 
*O xo. a 


From the assumption of the theorem, we know that there exists a 


function s(.) which solves equation (2.5). In order” to satisfy 


equation (2.4), we just need to define t(.) as follows: 
| o xy = z 
e (2.7) t(9) = C(q (8),8) - J s(x) £(x]|p(86))dx 
` xo 
Lastly, we need to show that M* is globally incentive 
compatible. Denote: 
X] a 
r(r,9) = t(r) + J s(x) £(x|9)dx - C(q (r),6) 
- Xp 
J That is, w(r,@) is the expected rent of the agent of type 8 when 


he reports r. It is well known that global incentive compatibility fs 


satisfied if: 
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But we have: 
PA 


(2.8) * miglr 0) = - Capta (r).6)q50r) 


From (42.2) we know that q* is differentiable, we also know: > 


y ACES 
q(t) - 


* * N 
Vaq(i (r>) Cogia (r), r) 

The definition of q*<.) guarantees that the denominator of q5 (r) 
is negative, while the single crossing property guarantees that the 


sign of Cog (8) remains the same for all (q.0), so that indeed 


rg) > 0. 


x Q.E.D. 


™ 


The main reason why the theorem is interesting in the present 


go 


context is because it has a simple and intuitive explanation. 
Supposing that the principal were to’ ipitially ignore the random 
a vuriable x and make the regulatory policy depend only ón the agent's 
report. Also supposing that the principal werk to implement an 
efficient and incentive "compatible mechanism. As was explained 
earlier, a standard result from thè existing literature on principal- 
agent models with asymmetric information states that the agent would 


be able to extract a positive rent. Dénote this rent with (Y) and 


denote the transfer function of this séchant with t(6). ad 
` That is: - 


(2.9) et). =- Max tlr) ES 6) 
Tr 
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By construction, this mechanism is efficient, since it 
inplenenes the first best production. Furthermore , the requirement, 
that the mechanism be incentive compatible imposes a restriction on 


the shape of the rent function. Indeed, from the first envelope 


theorem we know: 
* 
(2.10) mg (8) - - Cta (8). 8) 


Suppose now, that there exists a function s(x) such that, for 
all the al values of f the following equation is satisfied: 
=] 
- f s(x)£(x|p(9))dx 
Xo | a 


(2.11) r(8) 


Using this result, let the principal define a new transfer 


function as follows: 
+ 
T (x,8) - t(8) + s(x) 


The new mechanism (qT) remains effictent, individually 
ratignal and incentive compatible (note, the reporting strategy of the 
agent remains unchanged, since E[s(x)|p(9)] depends on the true vale 
et 8 and not on the reported value) but, by construction, it also 
extracts the entire rent of the firm. The contract, which we just 
derived, ís exactly the same as that of theorem 2.2. To see that, 
simply notice that a function which solves (2.6) also solves (2.11) 


(in order to prove this statement just differentiate both sides of 


(2.11) with respect to $ and substitute the left hand side using 


- 
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equation (2.10)). 


The above theorem is also attractive because it involves the 


economically meaningful singie’ crossing restriction. This restriction 


- s 


hes an important consequence. It implies, that the optimal production 

š e 
is monotonic in type and as such is invertible (in fact, we proved it 
in theorem 2.2; see equation (2.8)). This observation leads to the 


following result: 


ey 


COROLLARY 2.3: When the assumptions of theorem 2.2 are satisfied, 


commukication between the principal and the agent has no value. 


In order to prove this result notice that the principal can find 
a regulatory policy equivalent to M* (that is ‘Ss mechanism which leads 
to the same production and to the same transfer), but where there is 
no reporting. One such mechanism would be a transfer function f from 
the space of production levels and x's into the space of possible 


N 
transfers, such that: Y 


T(q.x) = T'(x(q),x) 


where r(q) is the „inverse function of q’(.). This conclusion is 


similar to the results in the foregoing chapter and Melumad and 


_Reichelstein [28].>? 


To conclude this exposition, we need to consider conditions 


which will guarantee that (2.6) is solvable. Equation (2.6) is a 


Fredholm equation of the first kind. As in the foregoing chapter, we 
could restrict the distribution of x, for example by assuming (A2.5), 


in order to transform equation (2.6) into a Volterra equation of the 


e 
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first kind. However, as we mentioned earlier, this does not seem to be 
an appropriate assumption in the case where p is independent of 


output. An alternative would be to follow the route chosen by Melumad 


E 
and Reichelstein [28]. This would necessitate restrfcting f(x|p(8)) 


a 
# 


and CACHOND in order to satisfy the requirements - of Picard's 


a 
Theorem (see Picard [32]). 


A further alternative is to examine situations aan is 
not solvable. McAfee and Reny [27] provide a general amalysis of this 
case. For the remainder ,of the section, we generalize, the result of 
theorem 2/2. For this purpose, we introduce a new restriction on the 


distribution of the variable x. 


(A2.6): There exists a function z : [xg.x,] + R such that 2(8),° 


x 

1 o. 
(2.12) 2(6) = | z(x)£(x]p(8))dx 
xo 
is strictly increasing and concave in 8. 


oe 


(A2.6) mére a restxiction on the conditional distribution of 

x. Unfortunately, it is difficult to know how restrictive the above 
requirement is. Naturally, the question arises whether some of the 
standard distributions satisfy (A2.6). In the appendix, we show thar 
for x = 8 + 7, where r and Y are uncorrelated the above requirement is 
satisfied. “In the same appendix we also prove that conditional 
densities which are erula? members of the exponential family, satisfy 
(A2.6)4 Density functions of this type inclyde, among others, the 


normal, the log-normal, the Beta and the Gamma distributions. McAfee 


a 


4 


Y 


and Rery [27] provide some further justifications for (a2.6).6) 


e 


The next proposition will be useful for the proof of the 


subsequent theorem. 


LEMMA 2.4: 


requirements: 


Vre [99.91]. 


and 


Vece [9,64], 


PROOF: By assumption: 


Suppose that function x( 


~ 


r e Argmax 
Ge[6.8;] 


r(r,r) = 0, -then 


6 € Argmax 
re(60:61) 


< 


R(T,Y) > w#w(r,6) 
0 = *#(r,8) 


(0,8) > x(r,6) 


Which proves the lemma. 


.) satisfies 


the, following. 


x(r,8) 


x(r,8) 


Q-E.D. 


‘This result is useful, betause under the condition of the lemma 


satisfied and that 


Cet) , 


Cra? 


> 0 


we can examine the second order condition of the optimization with 


respect to @ instead of those with respect to reporting. 


THEOREM 2,5: Suppose that the assumptions (A2.1)-(A2.4) and (A2.6) are 
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pee 


` 
a Par i ~ 


> 
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then there exists an ex-post efficient, incentive compatible and 


a “a ice à j - = N 
individually rational mechan: sm which extracts all the: expected rent 
x a 


7 e 
of the agent. 


` 


PROOF: In order to prove the theorem, we need to show that there 


exists a transfer function T*(x,9) such that the mechaniem M* = 
(q* T*) solves the principal's problem. We will show that the transfer 
function is of the form: 


r 
T*(x,8) = t(8) + s(8)z(x) 


f 
> f 
Where z is the function defined in (A2.6). If T*(.) takes the 


form suggested, the system of equations (2.4) and (2.5) becomes: 


oS á 
ECA) + s(9)2(6) = C(q (9), -, 
# 
(2.13) 


5(8)29(6) = gg" (6),8) 


» > 
a 


Since, by assumption Z9(8) # O, the system is solvable. This 


defines T* (.). We still need to show that the mechanism M* satisfies 


re 


the global maximization constraint. As before define: 


i 
+ 


x 
1 
a(r,@) - | T(x,r)£(x]p(8))dx - Clq“ (r),8) : 


Xo . 


A = tlr) + 8(r)z(8) - C(q (r),0) 
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‘Consider the maximization of De. with . respect to $. The 
assumptior of the theorem guarantees that *x(r,9) is concave in the 
parameter @. This together with system (2.13) ensures: 
5 . 
Vre [89.81] 


r e Argmax x„(r,ê) and x(r,r) = Q; 28 
beleg] : | 


Therefore, form lemma 2.4 we know: 


6 € Argmax r(r,0) 
re[(69,0,) 


This cencludes the proof of the theorem. 
Q.E.D. 


It is worthwhile to examine why the above result cannot hold when 

/ 
x and 6 are independent. Obviously, when x and @ are uncorrelated, 
for any function z(.), we have ZA ~ 0 for all values of and the 


system (2.13) can never be satisfied. 


d 


2.3.2.2 Case 2 


In this A 


section, we_go back to the initial model and assume that 
A x t E 
the distribution of the commonly observéd variable depends in a noan- 


` 


+ 


trivial way. on the output level. -In order to ensure that the second 
order condition of the agent’s reporting problem remains satisfied we 


constrain the distribution of x to satisfy (A2.5). This restriction 
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reduces the problem of the principal to the solving of a Volterra 


equation of the first kind. 


b 


THEOREM 2.6: Assume char ehe assumptions (A2.1)-(A2.5) are satisfied 
and that for all feasible output levels p(q,.) is monotonic in the 
technology parameter. Then there exiscs an ex-post efficient, 
incentive compatible “and individually rational mechanism which 


extracts all the expected rent from the agert. 
PROOF: Define: 
2 
r(r,8) = - (r - 8) > 


For every 8, this function takes a maximum of zero at r = 8. For 
every r, define .the transfer function T*(.,r) implicitly by the 
` following integral equation: 

* 
E xy (pq (r),6)) 
(2.14) #(r,8) - C(q(r),8) = T'(x,r)£(x|p(q"(r).8))dx 
/ 
Xo 
Assumption (A2.5) guarantees that for every r equation (2.14) is 


solvable (for a proof of this statement, see chapter 1). By : ? 


construction the mechanism aa) satisfies the requirements: of the 


. 
+ 


Q.E.D. 


theorem. 


The foregoing results can also be used in context of a principal 


who controls two or more firms which have correlated private 
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information. This is a natural A ct the auction problem 
with correlated values analysed by Crémer and McLean [7,8], Maskin and 
Riley [22] and McAfee, McMillan and Reny[26]. Assume that for a given, 
mechanism the firms behave like non-cooperative Bayes-Nash players. If 
the first best production of each firm depends only on her own private 
information, the problem of the principal becomes almost the same as 
the Sie we just examined and the foregoing results are directly 
applicable. The problem becomes more complex if the first best 
production of a firm depends on the report of some of the other 
producers. The first-order condition of the agent's reporting problem 
still works out, ut the second-order condition is e ana the 

« 


results of the €lapter can be shown to hold’ only when the correlation 


is not too large. 


2.4 EXAMPLES 


This section presents uo examples. In order to obtain a closed 
form for the mechanisms we assume simple functional forms. The first 
problem is an application of the theorems 2.2 and 2.5, the siesd an 
application of theorem 2.6. 

Consider the following economic problem. A principal attempts to 
control a monopolist. The welfare function of the principal is assumed 


to be linear in quantity and transfer: a 


Cad 


(2.15) W(q,T) = 2q -T e 


Also, suppose that the cost function of the monopdlist is quadratic: 


$ 


(2.16) C(q.8) = 8q? 


In the case of complete information the golution to the 


principals problem would require the monopolist to produce according 


to the following production rule: 


o 


(2.17) q (6) = 1/6 / á 


+ 


Finally, we assume that 6 is jeintly distributed with a Vartable 


- x, which, ex post, is observable by all parties. Their joint p.d.f. 
is: y 


/ x Ke A 
(2.18) £(x,6) =< 


e 0 ` otherwise 


. 


From this equation, we can easily calculate the conditional 
z » ` r 3 Le 


. probability of x given 8; f(x] - ex? Both the cost and the 


, 


distribution function satisfy the restrictions of theorem 2.5. And so, 


there ists at least one ex-post efficient mechanism which solves the 


princtpal's problem. In order to apply theorem 2.5 we set z(x) = x. 


4 


The system of equations desdyibed by (2.13) now becomes: 4 


e 
E ET NS y + - EF: 
4 + 1 ge a` 
(2.19) k E a l 
sm 2 32 = cd 
6 + 1 8 


/ t 


Notice, that indeed $0) ‘a 0/(6+1) is an increasing concave 


e 


HIER ON Selv ings the system FOr the functions t(@) and s(4) we obtain 


? 
the transfer rule: ° 


+i 
12 


T'ON = -1 + [ 
8 


This is a nice resuit, because T* is linear in x. Since q* is 


monotone in 6, there exists an equivalent mechanism without 


communication. In this mechanism the principal offers to the 


monopolist the following transfer function: 


- —(q,x) = -1 + (1 + q)*x E 


lc is easily verified that this transfer schedule will induce 


the monopolist to produce a.) and will extract all his profit. 


‘Alternatively, though it is more cumbersome, we can apply 


theorem 2.2. Indeed, using the particular structure of the example, 


the equivalent of equation (2.6) becomes: 


1 
(2.20) f s(x) 2 ¢ ax) jax = 1a? -* 
96 EN ` `. l 
kd . i 7 
‘One solution of this equation is'simply to-set $(x) = 1nXx). In 


order /to see this, it is easier to integrate both sides wtth respect: 


à 


to $ and consider the equivalent integral equation: 


. 1 
9-1 id | 
42.21) s(x)6x" ¿dx - -1/8 
. s , + E AR | X 
(Notice, this equation is just the analog of (2.11) for the present 
environment.) Substituting on the ‘left hand side ln(x) for s(x) 
rN 


ields: . 
y i r Zo 


`N r 


4. 
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E pe 1 1 
, | In(x)9x9 ldx = ln(x) x? | - | xo lax -= -1/8 
0 0 0 
The. apove equality follows from integration by part. In the 
first equality, the first term on the right hand side is zero. Indeed, 


using a simple‘ substitution and applying 1'Hospital's rule vields: 


— >a 
oa : Jy ; 
a. dl ; | Lip ln(x) x ee y/expléy) . 
; - lim a - 0. 
' \ y Gexp( fy) 


r 


To coftclude tha solution, we need to find the function t(.) such 


that for every $ the expected ‘rent of the agent is just zero for the 


report r = @. That is: 
* AN 
(2.22) t($) = Clq (8},8) - El s(x) |6] - 


= ` "e 
- e 


_It yields: t(9) = 2/9. Again it is easily verified, that the 


meçhanism M** - PAR - 2/9 + ln(x), q” (8) ~ 1/6) is indeed 


efficient, incentive. confpatible and extracts all the rent for the 


, monopost. : 
- 8 1] 


` b ‘a 7 z s * To conclude this section, we present a second example, which 
. | Á | + 
LN - will be an application of theorem 2.6. Suppose that p is the amount of 


_ 7 
pollution created by the firm which the prfhcipal wants to control. 


The variable x is the total amount of pollution. From the perspective 


of the firm x is a random variable whose distribution depends on p. We 


. 
Ed 


assume that: 


oh ' (2.23) £(x|p) = exp( -x + p), x € [p,2)* 
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The amount of pollution created by the firm depends on tke 


> technology used by the firm and on the quantity of output produced. We 


assume the following functional form: 


(2.24) .p(q.)> = q 


In order to solve the principal's problem, we must find the 
solution to the analog of “equation (2.14). Denote with v(r,6) the 


lefthand side of (2.14) and rewrite the integral equation: 


+a 
(2.24) v(r,8) = f T*(x,r)exp(-x + 9q (r))dx 
e ERES) 


In order to solve this equation differentiate equation (2.24) 


with respect to § and rearrange the terms. You obtain: 


(2.25), Tx) = vyGr,x/q"Cr)) - v(r.x/q*(r))q*(r) 


2.5 CONCLUSION 


“The main conclusion of this chapter is that for a large class of 
economic problems the presence of private information might not have 
as negative of an effect, as has been suggested by the existing 
literature on principal, agent models. We showed, that in many cases 
the existence of a random vacdabie. which is correlated Ed the agent's 
type and becomes À observable | only after the derivation. of the 


- e 


mechanism, would wipe out. the pesative impact of the asymmetric 


“information structure 2 A ` 


The ‘results were derived under two ‘important restrictions; we 


i 


, 
” 


“3 
` 


nq 
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did not consider either moral hazard or risk-sharing nrobleps. Moral 


hazard arises when the agent must take an action, which is not 


observable by the principal. Two examples examined by the literature 


- on principal. agent models are Laffont and Tirole [19] and McAfee and 


McMillan [24]. We do not expect, that the introduction of moral hazard 


would greatly affect: the conclusion of the chapter when etfort does 
not enter the conditional distribution of the commonly observed 
variable. In particular, the result and the heuristic of theorem 2.2 
would remain inenaneed: The problem is more difficult when effort 
séeacee dhk distribution of x. In this case we would not expect the 
result of this chapter to carry over immediately, because the agent 
can trade off lying about his type wick lying about the amount of 
effort he produces. The conclusion of thfs chapter would continue to 
hold if the principal and the agent could commonly observe more than 
one TA which are all correlated to the type of the agent. 

The analysis in the case of a risk averse agent should also be 
interesting. It introduces a new trade off: The principal will use the 
correlated information to extract the rent of the agent. However, in 


e 


doing so the principal also introduces some randomness in the payment 


“schedule of the agent. If the agent is risk averse, he will demand 


La 


payments, which are in expected value higher in order to ensure 


3 


himself against this risk. From this, we can already conclude, that it 


will not be optimal for the principal to induce an ex-post efficient 


solution; he will rather trade off some efficiency in order to reduot 


the expected transfer to the agent.” 


\ 


FOOTNOTES 


1) Throughout the chapter, we assume that the firm is only compensated 


by the principal. Alternatively, we could assume, that the firm sells 


its product on a market as a price dictated by the principal and also 


receives a monetary transfer. This would not affect the result of the 


chapter. 


2) For any feasible p: 


X1 . 
Í f(x|p)dx =- 1 j 
xo 
This implies: 
“1 * Le "1 | 
J C(q (9),6)£,(x]P)pgdx = C(q (8),8)p, f £ (x [@) dx - 0 
Xo ' : Xo 


3) Use the same argument then in 2), but substitute t(.) for C(.). 


4) Theorem 2.2 would still be applicable even if equation (6) is not 


exactly, but approximately solvable. Suppose K is an operator. We say 


that the equation 


g = Ku 


is approximately solvable if there exists’ a function g uniformely 


close to g for which the equation is solvable. Consider. an example 


cited in Melumad and Reichelstein (28]. Assume £(x|p(q,9)) = 


- 


J 


“~ 
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(1/9)exp(-x/06). If Cae O is continuous in @ and $6 > O, then 


equation (6) is approximately solvable. 


5) In the former chapter and in Melumad and Reichelstein [28] the 


principal does not extract the entire profit of the agent. 


. 


6) lt ts easy to find sufficient conditions which will guarantee that 
(A2.6) holds. jer example assume that, there exists Å c [xo X]] such 
that F(R|8) is strictly increasing and concave in 6, then we would 


simply choose 


z(x) = < 


(Notice, this requirement is satisfied for. F(x|@) - x’ x € [0,1)) 


+ 


Alternatively, suppose that there exists a set x C [xo x1] of non-zero 


° a 
measure such that: 


either £¿(x[6) > O and f,,(x|9) < 0 


Ve e [(@),.9,], Vxex | i a 


> 
+ 


or f£,(x|@) < Ó and Egg xl > 0 


. a ? 
then assumption 2 can easily be seen to be satisfied, in the first 


case for any z(x) positive and in the second case for any z(x) 


. negative. 
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7) A large part of this section is taken ‘from a recent paper by 


Melumad and Reichelstein (28). 


N_EF 21S 


1 ODUC 


Historically, the behavioural analysis of an oligopoly has 
played anā important role in economic literature. The ¡best known 
solution to the oligopoly problem goes back to Cournot [6] who 
analyzed a arte pela game in the absence of any binding agreement 
between firms. It is well known that, in the standard model, the 
Cournot solution yields a total output betta the monopolistic and 
the deere Petts production. It is only over the last two decades that 
this solution concept has been criticized for yieldfng. misleading 
TEL mien are too close to the competitive solution. A number of 
authors” have appealed to dynamic cpnsiderations to explain why an 
oligopoly might, indeed, be able to behave more like monopoly than 
in lne Cournot solution, even though the firms cannot enforce an 

d a“ 
agreement. 

One of the first rigorous formulations of the oligopoly problem, 


- 


as an infinitely repeated game, is by Friedman [11]. In this paper 
che auchoe shows that, if the discount rate is not too large, the 
single period cooperative output can be sustained in every period as a 
non-cooperative solution. The argument for this result is that each 


firm threatens to produce, in the future, the single period Cournot 


output if it detects cheating on the part of any other firm. This 
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strategy is shown to form a Nash equilibrium. When the discount rate 
is not too large. the “punishment” for cheating outweighs any single 
period gain which the firm could obtain EN deviating from the 
cooperative quantity (Abreu [1} has a generalization of this result). 
This result has two weaknesses. First, it requires that cheating be 
detectable. This can only happen if either output is common knowledge 
or price is deterministic (neither assumption jis very appealing). 
Second, as Green and Porter [13] noticed, "the deterrent mechanisms 
are never observed." For the purpose of this chapter it is worthwhile 
to note, at this point, that „though the conclusions from Abreu [1] and 
Friedman (11) were derived using a homogeneous oligopoly, the same 
results would hold in the heterogeneous case. 

‘The next logical step was, therefore, to analyze the oligopoly 
problem as an infinitely repeated game, but to assume that the 
production of a firm is its own private information and that the 
market price is influenced by a stochastic component. The papers by 
Abreu, Pearce and Stachetti [2], Green and Porter {11] and Porter (33) 

` . 
examine the implication of these assumptions in the case of a 
homogeneous oligopoly. Abreu, Pearce and Stachetti [2] shows that, 
under the above restrictions and. some further regularity requirements, 
the optimal equilibrium would require the member of the cartel to 
always produce only one of two quantities, which corresponds to either 
the best or the worst symmetric sequential quita: According to 
this equilibrium, the firms would decide which of the two quantities 


to produce, simply by remembering the state and the price of the 


70 
foregoing period. For either state, the equilibrium describes two 
PRE E sets of přices, which leads to either the cooperative or 
the “punishment” quantities. The alternation between" the two states 
is then shown to follow Par ee process. An interesting aspect of 
this equilibrium is that, though the firms wiil never deviate from the 
optimal strategy, there ste Serious where the cooperative quantities 
canpot be sustained. ent 
The present chapter santos a heterogeneous oligopoly, but 

Jchevulve- bases essentially the same structure, as in the paper by 
Abreu, Pearce and Stachetti [2]. | Instead of assuming that the 
Strategy of a fly is based on "punishment" induced by production 
changes, we introduce the possibility of transfers. In general, 
‘transfers could either be side payments béivées ‘the individual 
producers or "dissipative" transfers like public donations to a 
charity. | 

The main objective of this chapter will be to show that, when 


the discount rate is not too large, a cartel can find a set of 


transfer functions which: 


©. ‘ 


(i) induce each member of the Cartel to. produce the cooperative 
solution at all times, 

; (11) ín all periods the transfers across the firms add up to 
zero, 


(111) and the set of transfers can essentially be enforced as a 
í os. ` A e 


non-cooperative equilibrium. 


+ 


atts 
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The remainder of the chapter is organized as follows: In the 
next section, we present the one period game. In 3.3 we discuss the 
cooperative solution. In 3.4 we prove that the cooperative solution 
can be induced by an isole contract, which satisfies (i) and ” 
(11) even -when output is not observable and the dédude. are 
stochastic. Finally, in the last section we prove that in the context 
of an infinitely repeated game, the cooperative solution is attainable 


even without assuming enforceable contracts. 
2.2 THE MODEL 


We consider an oligopoly in which N firms produce a 


heterogeneous product. Without further justification we suppose that 


these firms compete in output. The cost function of each firm is 
common knowledge; e,(q;), i = 1,...N. The vector of market prices p 
- (Pio Py) is a random vector whose distribution f(plq) depends on 
he entire vector of output q = (91 ++ --+.Iy)- The realization of p is - 


L 
supposed to be common knowledge. 


. We assume that: 


(A3.1) Firms are risk neutral and they maximize expected profit. 


(A3.2) Vq 20, Vie (1, ...,N) 


3 
Define: 
-P,(q) := Sup ( Pier | p_, eri s.t. £(p;.p_,1@) > 0 } 
Py - 
V qz 0, the mapping Pq = (Pi(q), o. Py(q)) ís bounded, 
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bijective and £(®(q)|q) > O. 


(A3.3) The probability density function f(p|q) and the mapping P(q) 


are N times differentiable in the output vector. 


(A3.2) is the ‘central assumption of the chapter. It requires 
that for every feasible output level there exists a bounded square 
which covers the entire support of p and for which it is true that the 
upper right corner Pq) has a positive density. (A3.2) also demands 
that the mapping P(q) be invertible. There are many meaningful 


environments which satisfy the conditions of (A3.2). 
~~ = 


Example, assume N=2 and 


G) gy = ay (p.ey) with 
- 6d; /dp;<0, dd; /dp,>0, Ad; /de,>0, 


- (8d1/8p,)(8d,/8p21) - (8d) /dpy)(ddy/dp}) > 0 ` 
(11) (€1,€2) e [0,1]x[0,1] is a random vector, 
(111) (1,1) has a positive density. 


In order to see that this model satísfies (A3.2) note that for gh 


any output vector the requirements in (i) imply that 9P,/8c,>0, j-1,2. 
3.3 THE COOPERATIVE SOLUTION | = 
The payoff of firm i, given (Piq). is: S 


(3.1) 44 (Py.4,) = P3; > c40), 
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The cooperative solution is the vector of output q° = 
(41°. ere ano) which solves the following control problem: 
. PD y 
(1) Max (E =,(p,,q,))£(plq)dp 
i-l » S GRIS i 
q 0 x 


Since the objective of this chapter is not to derive lisa, 
which would guarantee the existence of the cooperative solution, we 
will assume for the remainder of ‘this chapter that the following 
requirement is satisfied: 


À. 


at 
Rs 
(A3.4) Problem (1) has at least one solution. 
From the works by Abreu [1] and Friedman [11], it is well known 
” that under some nepubertty conditions, the production vector Q° can be 


Staind by implicit o) lusion as a non-cooperative equilibriun in 


the framework of a super game and when bac put ‘is common knowledge. 


3.4, UNOBSERVABLE OUTPUT : 


» € s 
In this section, we consider the single period game under the 


additional requirements; 


(A3.5) Production.is the private information of each firm. 


` 
e 


(A3.6) Firms can write enforseable contracts. 


Assumption (A3.6) is essential for the solution of the single 
period game. When we consider the super game this assumption will be 


relaxed. The’ structure of the game obtained is very similar to that 


, 2 f 


N 
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of the papers by Abreu, Pearce andi E [2] - Green and Porter 
[13] and Porter 133). There are only two significant distinctions 
between these papers and the present problem. First, we are examiring 
a single period game and secondly we are considering a heterogeneous 
oligopoly. a 

“Slade the o prices depends on the state of nature and 
output is not observable, a firm cannot monitor the production of 1ts 
competitors. A contract between the firms will be a vector of 
transfers T = (T,...,Ty). These transfers can only be conditioned by 
the variables that are commonly observed, which, in the present case, 
is ce vector of prices. Given sayy Con Re the problem faced by the 
firms is a simple Nash game. The feasibility of de contract requires à 


that we do not iwfroduce money from outside of the system. That is, 


we.must require that for any. price vector: 


e N 
(3.2) Z T (Pp) <Q 
j-]' > 
+ 


We will say that an agreement satisfies the production incentive 

- criteria if: ge is a Nash equilibrium of ‘EM AT gane faced bý 
the firms. A contract will be said to be "efficient if it satisfies 
the production incentive criteria and if no money leaves the system; 


that is if equation (3.2) ‘is binding for every feasible state of 


nature. 


. THEOREM 1: There exists at least one.efficient contract. 
« * 


In order to prove this result, ve will implicitly \define a 
A : x 4 : 


% 


-h 


e 


‘Finally, define the N-th transfer function: 
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: a6 . | 
contract by a system of (N-1) Volterra equations of the first kind 


with multiple integrals. We will show that the contract is efficient 


E 
and that the Volterra equations satisfy sufficient requírements for 


solvability. 
PROOF: For {-1,...,(N-1) we define T; (+) implicitly by the following 
integral equation: | | | } 
Peq) 
(3.3;) | T (p) f(pla) dp = 
0 
a se 
* PQ) y . 
| im ayy ap ` (Mor (999 MERA 
2 Ja 


0 


RE 
N-1 . 


e 
A (3.4) Ty(P)=- E T) 
{el 


Using this definition it ‘is easy to see T satisfies an 
equation of the form (3.3,) for i-N. From this last require it is 
also obvious that the sum of transfers will always add up to zero. To 
prove that the contract is efficient, we only need ¡to show that the 
production vector q° is a Nash equilibrium of the production game 
given T. Suppose, that áll the firms, except í, decide to p uce: the 


. ` e ? ' g 
cooperative quantity. What is the best response of firm i? rm i 


A 


maximizes its expected profit with’ respect to its own output qz- The 


profit of a firm is the sum of its payoff plus transfer. Using the 
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definition of the expected transfer, it is immediat that the expected 


profit of a firm, is a multiple of the sum of expected profits: 


Pg). P(q) 4 

f ) + TER ar = | INE It a. 
=} | 

0 . 0 j 


ae Using the usual notation, the problem of firm i, when each of 
its competitors produce the cooperative quantity, becomes: 


` 


= c 
Pay > 


` r 
KII) Max LANCE mép, 95) + ei, .a,)) £(pl, .9/dap 
= 341 
| a ii | 
By cdnstruction qi solves this probłem. i b. 


Finally, to conclude the proof, we must show that the integral 


eguations (3.3,) j=1,...,(N-1) are all solvable. For this purpose, 


let us rewrite the vector P(q) - y and denote the right-hand side of 
equation (3.3,) by vi(q). Given this notation, equation (3.3,) can be 


written in the standard form of a Volterra equation of the first kind 


` 
t 


\ 


2 \ 
“ K # y . 


(3.51) f T (P) g(ply) dp - t, (y) 
4 ` : | 0 » 


e 


yith multiple integrals: 
Me. 2 


‘where g(ply) := £pl8 1 (y) 
a 
` . q 
te v (PV (y)). z 


: a des 
Y 


We need to show at. each of the above equations satisfy the 


A oc for solvability. These requirements have been 
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initially formulated by Volterra (see*e.g. Volterra [36] or Volterra 
t 
, : 
-and Peres igh, and for convenience are reproduced in an appendix. It , 


N is useful to note the following equality: 


y 
N 
-1 -1 3 
ty(y) - fra aie (y))- ND, lp, Pi Cy)))8(ply)dp à 
2 ja 
> From this equality, it becomes immediatly apparent that the 


. regularity requirements (2) and (3), as formulated in the appendix, 
are aatisticd for each of the function t,(.), i-1,...,N-1.- 
Furthermore, the assumptions (A3.2) and (A3.3) guarantee that t¿(.) is 
N Yue: differentiable in y for all i's. From (A3.2) we also conclude 
that (4) holds and from (43.3) that (5) and (6) are satisfied. 

Since all the requirements, formulated in the appendix, are 
satisfied, each of the equations (3.51) will be solvable. (The equation 
might not be defined for all y ce (0, Y, ]X ..—X[0,Yy)-. If this ís the 
case, we can simply extend the functions. The' method would the sane” 


as in chapter 1 theorem .1.3) 


This concludes the proof. 


Q.E.D. 


. » 
e 


a 


It is worthwhi e to examine this solution concept breaks down 

for a homogen igopoly. For simplicity’s sake, we only consider 
the ee of ‘a duopoly. We can argue either ‘from a mathematical or 
from a heuristic perspective. Mathematically, for a homogeneous 


duopoly, the analog of equation (3.35) becomes: 
5 . e P t +. 
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P(q,+92) 
Ty (p)£(playtdg)dp = 


ou, 


Pq,+92) 


1/21, (Pray) - *¡(p.q4))£(p101+97p 
0 s = 


Without extreme rasttictien on the inverse demand and the cost 


function, this equation is not solvable. To prove this, consider a 


. 


change in the production vector which leaves the total output ` 


constant. Thy left- -hand side of (3.51) „cagnot be affected by. any such 


. changes, née the equipar enters. only as a sum into this integral. 


1 


ea 


For the right-hand ‘side this argument fails, ‘because output enters 
non-linearly into the payoffs qf the firms. ` . 


+ 


e 


The’ essential -difference between the hdhogenegus and the _ 


heterogeneous oligopoly is, that in the first case you can -obsetve- 


, a t 
only one market’ price, whereas in the second case, you have an entire, 


vector of prices upon which you caf condition the transfers. For the. 


id a = . ` « . + 
homogeneous SE ea one can easily find a Contract which satisfies the 


produotion incentive criteria. However,- as we just proved, this 
contract would hay to induce "dissipative "” transfers (perhaps 


donations to hospitals or the. purchase of an art collection!). 
Heuristically, ve can easily explains this yesult. A ‘production 


A é ‘ 
incentive contract needs to penalize a firm which overproäuces. 
kd 


r 


Unfortunately, ín de Homopensous oligopoly, over production cannot be 


distinguished fram a bad state of nature. Th@efore, in a bad ştate 


of nature, yau would have to punish everyone. This naturally leads to 


tha sum of transfer being negative. Nevertheless, it would be 
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interesting to investigate ate case as an alternative to the approach 
taken by Abreu, Pearce and Stachetti [2], Green and Porter [13] and 


Porter [33]. i = 


To. conclude this section, we examine why it is heuristically 
reasonable that in a heterogeneous sentis. there exists an 
efficient contract. For simplicity, we only consider the case of a 
duopoly, though the heuristic fould easily be dad: te the case 
with N-firms. Suppose that for each firm, we examine the difference A ~~ 
between the expected price and the realized price. Also suppose that 


we agree that the firm with the larger difference must make a positive 


transfer to its competitor. Finally, let the transfer satisfy the 
requirement that, if neither firm cheats, the expect transfer of a a 
firm is just zero. Consider now the problem off firm i which 


contemplates cheating on the agreement, but actually believes that j 

pr@fuces TE If i were to decide to produce beyond aĵ. the . 
probability of (44-44) > 0 would increase. This means that 1 would 
actually expect to lose some money to j. Theorem 1 simpiy states 
that, one can find a transfer function for which it is true that, (4) 
any change away from q° would actually increase the expected transfer 
which firm i anticipates, by more than it expects to gain from 


“cheating, and (11) the negative of this function ‘has a symmetric 


» 


affect for firm j. 3 | - 


se 


The ‘foregoing result is based on the assumption, that the tira < 
i r . — A 


á x : | : Ya 


4 
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cannot deviate from an agreement previously reached. This requirement 
e 
is very artificial in the framework of the last section. Indeed, once 


the outputs are produced and sold, and the output prices are observed, 
it is difficult to see what would prevent a firm, which is required by 
the mechanism, to make a positive transfe., to actually renege on its 
obligation. Clearly, in an environment in which cartels are illegal, 
we cannot assume that a central authority would enforce such a 


contract. 


` The purpose of this section is to show that, if we discard the 
a 


critical assumption (A3.6) and repeat the remaining game infinitely, 


‘the firms will actually implement T in all periods - assuming that 


the discount rate is not too large. The argument wilk be based on 
the paper by Friedman (11]. At the expense of using more mathematics, 


the results can be generalized using optimal punishment, similar to 


Abreu [1]. l | | 


. 
A 


Suppose the firms agree on a contract T. Given any such 


4 


agreement, a strategy oí for firm i, at time t will specify how much i 


will produce at the beginning of period t and, once the price vector 


t 


pt is observed, how much $ will transfer. The strategy ox will depend 
a 


on the history known to firm { at time t. We will denote this history 


He: In general, Hy will, include; all of the past, price vectors, all 


a “ 
of the past transfer vectors and all of the past production of firth i. 


Given the contract T, denote with oy = AT; ol...) the strategy of 


A 


firm i. Define the strategy of as follows: mF 3 


Cad 
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pe 
1 c E 
y > 4] 
cl L 1 — 
1 1 
| Tj- Ti CP) 
and 
bd a a i 
a; if T- T° (p°) Vs, s<t 
t 
q4 E s ~ 
a otherwise 
SLA E 
i 
TS CPS) ‘ag Tf 1°(p°): Vs, s<t 
t | 
‘ Ti = 
40 otherwise 
where q -= (Arts O is the single period Nash and T° is the 


contract defined by theorem 1. Using “the same argument as in Friedman 
[1k], we can show that, there exists discount Yates for which the 
veotor of strategies g = (of, D ao) is a Nash equilibrium. For N s 3; 


o ís exactly a non-cooperative equilibrium. For N > 3, there is a 


* slight difficulty because che firms. must decide how to allocate the 


t 


transfers among themselves. We could make this decision part of the 
‘equilibrium strategy, but it is easy to see that ft would lead to an 
infinite number of (equivalent) strategies. (The reader can. easily 


| «convince himself that, if in some state there are more than two firms 
a ` 


with a positive and more than two firms with a negative transfer, 
e ` 
there is an infinite number of combinations of transfers between the 


firmas, that leaves the totgl transfer of ‘each ‘firm constant). Ve 
. f a PS 
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suppose that for N 2 4, the firms come together once every period to 


harmonize their transfers. ø still remains essentially a non- 


cooperative equilibrium, since every firm could in any single period 


walk away from the cartel. 


3.6 CONCLUSION 


In this Guanes we have shown, that under very weak restrictions 
and for some discount rates the combination of a heterogeneoys 
oligopoly, an infinitely repeated game and the possibility of side 
payments guaranties that a cartel can sustain the monopolistic output 
as a non-cooperative equilibrium. 

* This result cannot be stades ‘to a homogeneous oligopoly, 
though we believe that the method used in this chapter’ could also be 
applied for this case. It would provide a further explanation for 


4 
dissipative expenditures like donations. 


APPENDIX i 


Integral equation of the first kind are equations of the Form: 


1 


(Al) Vye [0,1}, a(y) = f v(x)k(x,y) dx 
0 


where v(.) is the unknown. Equations of this type can be seen as a 
natural generalization of a system of n equations with n unknowns. 


When the kernel of the above equation satisfies the follow#ng 


requirement: ` E 


~ 


-V ye [0,1], , k(x,y) = 0 if y>x 
the integral equation takes the particular form: 


` | y 
(A2) V y e (0,1), AMY) = f v(x)k(x,y) dx 
| 0 


Equations of this type ar@ known as Volterra equation of the 
first kind. The discrete analog of an equation of this type is an nxn 
system with a triangular matrix. It is*well known that such a system 
‘is solvable if the inerte alone the diagonal of the matrix are non- 
zero. Wy would expect that his result generalizes to the continuous , 
nase. Volterra vas the first to show that it is indeed the case 
(Volterra (36,38]) if some regularity requirements are satisfied. (A2) 
is solvable if the following conditions are satisfied: P 


(4) a(0)=0, N 


r 


(11) V x,y € [0,1), A(x) and k(y,x) are differentiable in x, 


YA 5 
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(iii) Vx e [0,1], k(x,x) #0, 
(iv) Vx,y € [0,1], k,(y,x)/k(x,x) is bounded. 


(i) is just a consistency requirement, since for x = O. the 


integral is always zero. 


Suppose that x = @ + r, where 8 and r are two independent non- 


degenerated random variables. Define z(x) = -exp(-x). Then 


2(8) = -exp(-8)E(exp(-r)} 


e 
This is an increasing, concave function and assumption 2 is satisfied. 


In this appendix, we also want to prove that if f(x|9) is a regular 


density of the exponential family assumption 2 is satisfied’). 


Conditional densities of the exponential family are of the form: 


f(x}@) = a(8)b{x)exp(-a(8)8(8)) for x e [Xg.x,], 9 € [89,94] 


~ 


A density function of the exponent Pal family is said to be regular if 


the following requirements are satisfied: 


. re 


i) b(x)>0 for xe[xg,x,], a(9)>0 fox Fe[ 89,8] 
11) BC.) “is differentiable and increasing over jte range of 
definition 

.- 111) a(.) ds positive and increasing over its range of 


definition 


iv) (0,0) C (B(Xp),B(x,)) 


r 


” 


As mentibned earlier these conditions are .satisfied by? the normal, %. 3. 


log-normal, “Beta and Gamma distributions if @ {ís a shift parameter ~ 
F | 


LE - 
. 
e 


that affects the distribution according to the assumption made above - 


We want to show that assumption 2 is satisfied for densities of the 


i 
Boog 


above type. For any function z(x), we have: 
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Xg : 
2(9) = | z(x)a(9)b(x)exp(-a(9)8(x))dx 
Xo 


B(x1) : 
- | (8 yn aos y) )exp(-a(8)y)/8" (8 y))1dy 
(xo) 


` 


Let us choose the function z(.) such that: 


1 1 1 -y" if y > 0 
z(B “(y))b(B (y))/B'(B  (y)) = a 


0 otherwise 
If we now substitute this into the integral we obtain: 


o 


2(8) = - a| exp(-a(8)y)y"dy 
0 


; o 
The integral is a Laplace transform of the function y". Using any 


€ 
standard table we obtain: x 4 A 


2(8) = - a(8)nt/(a(8)"*1 


Given the réstriction on a(.) it is immediate that for n large enough +. 


{ 


/ . APPENDIX 3 


\ 
Volterra equations of the first ce multiple integrals are 


a straightforward generalization of the types of equations examined in ' 
o 


. the first appendix. A Volterra equation of the first kind with 
multiple integrals is defined as follows: 


7 n 
o AR 


pr 
LS 


Y Le 
(A3) ACY)» Yo) - ei vo, RD ROK, - Hy XV ye Y OY oq dy. 
0 0 BE » 


' where v(.) is the unknown function. as — 


Using the result from Volterra [37] (alternatively, see Volterra and 


Peres (38]) (A3) will be solvable if the following conditions are _ 


satisfied: 
(1) A(.) and k(.) are n times differentiable in the variables y. å 
(ii) A(Y1+ Ê Yn?) = 0 A = 0 , i=l, gr . e 
(111) Vk = 1, ..,n-1 
aX, 
(ie 0 if y, = 0, j=l, n, is NA 
; 3y,- ay, j s 
1 k i - 
A | : 
(iv) ko, --¥pr¥z) Y) # 0 for all possible (yj, ..,y_). 
EN TEARS Ye YA MOY) ++ Y» Y1> --1Yn) is bounded. 
á | qa - 
As in appendix 1 , the conditions (ii) and (iiig are just 
- G hi ð 
. o 
of ce zd Es | 
ho ' 7 87 ` . 
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consistency requirements. Indeed, under the conditions of (14) and 


A ~ ; 3 
(iii) the integrals on the right hand side will all be zero. 
v 
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